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Abstract

In the present paper, we introduce the notion of Pythagorean fuzzy topological space by motivating from the notion of fuzzy
topological space. We define Pythagorean fuzzy continuity of a function defined between Pythagorean fuzzy topological
spaces and we characterize this concept. Using the concept of continuity, we also give a method to construct a Pythagorean

fuzzy topology on a given non-empty set.
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Introduction

Classical topology has been progressed by taking its moti-
vation from classical analysis and it has many applications
on several areas of research such as machine learning, data
analysis, data mining, and quantum gravity [1-7]. Besides,
the notion of topology refers the connection between spatial
objects and features and it can be used to describe some cer-
tain spatial functions and to conceive data sets that have better
quality control and greater data integrity. Homeomorphisms
that are the isomorphisms of the category of topological
spaces play an important role in the theory. If there exists a
homeomorphism among two topological spaces, then these
spaces have exactly the same topological properties. The
topological part of a homeomorphism is the notion of conti-
nuity [1]. Moreover, continuity explains the term of closeness
in the mathematical models. In this context, continuity is
one of the most important properties of a function defined
between two topological spaces.

In 1968, Chang [8] defined the concept of fuzzy topolog-
ical space and generalized some basic notions of topology
such as open set, closed set, continuity and compactness to
fuzzy topological spaces. Following this study, Lowen gave
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another definition of a fuzzy topological space by changing
a basic property of topology [9,10]. Besides, in 1995, Coker
introduced the notion of intuitionistic fuzzy topological space
and studied some analogue versions of some concepts of
classical topology such as continuity and compactness [11].
Further results on intuitionistic fuzzy topological spaces can
be found in [12-14]. Some authors were also concerned with
fuzzy metric spaces (see, e.g. [15]). Thus, degree-theoretic
structure of fuzziness has been considered in the notion of
topology instead of certain fixed boundaries. Furthermore,
some authors studied the concept of fuzzy soft topological
space and its applications in decision-making environment
[16,17].

The main purpose of this paper is to extend the notions of
fuzzy topological space and intuitionistic fuzzy topological
space by introducing the notion of Pythagorean fuzzy topo-
logical space. We define the concept of Pythagorean fuzzy
topological space by following the idea of Chang [8]. After
defining Pythagorean fuzzy topological spaces, we investi-
gate the continuity of a function between two Pythagorean
fuzzy topological spaces which we call Pythagorean fuzzy
continuity. For this purpose, we define the notions of image
and the pre-image of a Pythagorean fuzzy subset with respect
to a function and we investigate some basic properties of
these notions. We also construct the coarsest Pythagorean
fuzzy topology on a non-empty set X which makes a given
function f : X — Y Pythagorean fuzzy continuous where
Y is a Pythagorean fuzzy topological space. In this context,
the results obtain in the present paper can be used to get

Dieliase cllodi ay .
bes Shens ) Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40747-019-0095-2&domain=pdf
http://orcid.org/0000-0002-8660-5435
http://orcid.org/0000-0002-0857-1006

178

Complex & Intelligent Systems (2019) 5:177-183

more realistic results in the areas of research such as deci-
sion making, data analysis and machine learning. In the future
works, categorical properties of Pythagorean fuzzy topolog-
ical spaces, applications of Pythagorean fuzzy topological
spaces on decision making theory and Pythagorean fuzzy
soft topological spaces may be studied.

Basic concepts on Pythagorean fuzzy subsets

In 1965, Zadeh generalized the standard notion of set by
defining the notion of fuzzy set [18] that has many applica-
tions on economy, business, decision making, data mining,
etc. A fuzzy subset A of a given set X is defined with a
function w4 : X — [0, 1] which is called the member-
ship function of A [18,19]. For a given x € X, the value
na(x) is said to be the degree or grade of membership of
x to A. Besides, the grade of non-membership of x to A
is given with 1 — @4 (x). This idea obviously generalizes
the idea of standard set theory. Indeed, in the standard set
theory the membership function of a set A can be consid-
ered as the characteristic function of A which is equal to one
if x € A and zero otherwise. The notion of fuzzy subset
has been generalized to some more general notions of non-
standard fuzzy subset. For instance, an intuitionistic fuzzy
subset A of X is the pair (4, v4) of a membership func-
tion wg : X — [0, 1] and a non-membership function
vg : X — [0, 1] with wa(x) +va(x) < 1 forany x € X
[20]. Another example of a non-standard fuzzy subset is the
interval-valued fuzzy subsets which was studied in depth by
Mendel [21,22]. On the other hand, in 2014, Yager [23] intro-
duced the notion of Pythagorean fuzzy subset which is a
new class of non-standard fuzzy subsets and which has many
effective applications in natural and social sciences (see, e.g.
[24-40]).

A Pythagorean fuzzy subset A of a non-empty set X is a
pair (i 4, v4) of a membership function ug : X — [0, 1]
and a non-membership function v4 : X — [0, 1] with
Mi(x) + vf‘ = ri(x) forany x € X wherery : X — [0, 1]
is a function which is called the strength of commitment at
point x [23]. The notion of the Pythagorean fuzzy subset
has a basic geometric mean: Let (r4 (x), 64 (x)) be the polar
coordinates of (14 (x), va(x)) forapointx € X.If we define

b4
da(x) =1 — QA(X))E’ then the function d4 : X — [0, 1]
can be considered the direction of commitment at point x
[23]. Itis obvious that the function d 4 scales the first quadrant

between zero and one, i.e. if 64 (x) = T then 4 (x) = 0and

va(x) = ra(x) which means the direction d4 (x) = 0 and if
Ba(x) =0then a(x) = ra(x)and va(x) = 0 which means
the direction d4(x) = 1. Therefore, a Pythagorean fuzzy
subset A can be expressed by either (14, va) or (ra,dy).
Note here that Pythagorean fuzzy subsets can be still appli-
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Fig. 1 Comparison of intuitionistic fuzzy subsets and Pythagorean
fuzzy subsets

cable whenever one cannot use intuitionistic fuzzy subsets.
Therefore, Pythagorean fuzzy subsets are more effective than
intuitionistic fuzzy subsets as well as fuzzy subsets (see
Fig. 1).

Now let us recall the set operations over Pythagorean fuzzy
subsets [23]:

Definition1 Let A = (u4,v4) and B = (up, vg) be two
Pythagorean fuzzy subsets of a set X. Then,

(1) the complement of A is defined by A€ := (v4, 1a),
(ii) the intersection of A and B is defined by AN B :=
(min {pa, np}, max{va, vg}),
(iii) the union of A and B is defined by A U B =
(max {ua, up}, min{va, vg}),
(iv) wesay A isasubsetof B or B contains A and we write
ACBorBDAifus <upandvy > vp.

Note here that, if the union and the intersection are infinite,
then we use supremum “sup” and infimum “inf” instead of
maximum “max” and minimum “min”, respectively.

Throughout this paper, we use the notation 1x for the
Pythagorean fuzzy subset (1, 0) and we use the notation Oy
for the Pythagorean fuzzy subset (0, 1), i.e.

K1y = 1 andle =0
and

oy = 0and vy, = 1.

Topological spaces

In this section, we define the concept of Pythagorean fuzzy
topological space. We also study the continuity of a function
defined among Pythagorean fuzzy topological spaces.
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Definition2 Let X # & be a set and let 7 be a family of
Pythagorean fuzzy subsets of X. If

(T1) 1x,0x €7,
(T2) forany A1, A € T,wehave AN A €T,
(T3) forany {A;};c; C 7, we have UA; € v where [ is an
iel
arbitrary index set then t is called a Pythagorean fuzzy
topology on X.

In this case the pair (X, 7) is said to be a Pythagorean
fuzzy topological space. Each member of 7 is called an
open Pythagorean fuzzy subset. The complement of an open
Pythagorean fuzzy subset is called a closed Pythagorean
fuzzy subset. As classical topologies or fuzzy topologi-
cal spaces, the family {lx,0Ox} is called the indiscreet
Pythagorean fuzzy topological space and the topology that
contains all Pythagorean fuzzy subsets is called the discrete
Pythagorean fuzzy topological space. Besides, a Pythagorean
fuzzy topology t; on a set is said to be coarser than a
Pythagorean fuzzy topology 1, on the same set if 1] C 1.

Following is an example of a Pythagorean fuzzy topolog-
ical space:

Example 1 Let X = {1, 2}. Consider the following family of

Pythagorean fuzzy subsets T = {1x, Ox, A1, ..., A5} where
n1(1) =05 vi(1) =07 (1) =0.6 v(1)=0.5
n12)=02 v2)=04 w2 =03 1L2)=09
n3(1) =04 v3(1) =0.8 jpu4(l) =0.6 v4(1) =0.5
n3(2) =0.1 v132)=0.95 wus(2) =03 v42) =04
us(1) =0.5 vs(1) =0.7 us5(2) =0.2 vs2) =09

and p; and v; are corresponding membership and non-
membership functions of A; foreachi =1, ..., 5, respec-
tively. Observe that (X, t) is a Pythagorean fuzzy topological
space.

As any fuzzy subset or intuitionistic fuzzy subset of a set
can be considered as a Pythagorean fuzzy subset, we observe
that any fuzzy topological space or intuitionistic fuzzy topo-
logical space is a Pythagorean fuzzy topological space as
well. On the other hand, it is obvious that a Pythagorean
fuzzy topological space needs not to be a fuzzy topologi-
cal space or intuitionistic fuzzy topological space. Even an
open Pythagorean fuzzy subset may be neither a fuzzy subset
nor an intuitionistic fuzzy subset (see Example 1). The cate-
gorical relationship between these spaces may be studied in
future works.

The notion of the neighbourhood of a point has an impor-
tant place in the classical topology as many concepts such as
continuity, closure and convergence are defined or character-
ized with the help of this notion. Chang gave the definition of
a neighbourhood of a fuzzy open subset instead of a neigh-

bourhood of a point [8]. Following the idea of Chang, we
give the following definition:

Definition 3 Let A, U be two Pythagorean fuzzy subsets in
a Pythagorean fuzzy topological space. Then, U is said to be
a neighbourhood of A if there exists an open Pythagorean
fuzzy subset E suchthat A C E C U.

The following fact is easy to prove:

Proposition 1 A Pythagorean fuzzy subset A is open in a
Pythagorean fuzzy topological space if and only if it contains
a neighbourhood of its each subset.

Now, we give some new definitions to generalize some
well-known ordinary topological results:

Definition4 Let X and Y be two non-empty sets, let f :
X — Y be a function and let A and B be Pythagorean fuzzy
subsets of X and Y, respectively. Then, the membership and
non-membership functions of image of A with respect to f
that is denoted by f[A] are defined by

sup  pa(z) , if £71(y) is non-empty

zef~'(y)
Mra1(y) =
0 , otherwise
and
inf  v4a(z), if £71(y) is non-empty
zef~1(y)
vra](y) =

1 , otherwise,

respectively. The membership and non-membership func-
tions of pre-image of B with respect to f that is denoted
by f~!'[B] are defined by

(0 = pp(f ()

and

ve-1gy(x) == vp(f (X)),
respectively.

Note that f[A] and f~![B] are Pythagorean fuzzy sub-
sets. In fact, since ;4 and v4 are non-negative functions one
can obtain

2 2
P‘?‘[Al(YH“JZf[A](y):( i MA(Z)) +( }nfu‘)A(Z))
zef~(y

€f~1y)
= sup pi@+ inf Vi)
zef~1(y) zef~1y)
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= sup (ri(z) - vi (z)) + inf vi ()
zef~1(y) zef1(y)
< sup (1-vi@)+ inf Vi@=1,
cef-10) f1»

whenever f~!(y) is non-empty. On the other hand if
f~Y(y) = @, then we have

,U«?«'[A](y) + V?(A)()’) =1

The proof is trivial for f~!
The following proposition gives some basic properties of
image and pre-image:

Proposition2 Let X and Y be two non-empty sets and let
f X — Y be a function. Then, we have

(i) f~'B1= f~'[BI for any Pythagorean fuzzy subset
B of Y.

(ii) f ¢ C flA€] for any Pythagorean fuzzy subset A of

(ii1) zf81 C By then f~ l[Bl] C f [B>] where By and
B> are Pythagorean fuzzy subsets of Y.

(iv) if A1 C Ay, then f[A1] C f[A2] where A1 and A,
are Pythagorean fuzzy subsets of X.

~w f [ f! B]] C B for any Pythagorean fuzzy subset B
of Y.

(vi) A C f Y fLA]l for any Pythagorean fuzzy subset A of
X.

Proof (i) For any x € X and for any Pythagorean fuzzy
subset B of Y we get from the definition of the comple-
ment that

Mf*l[Bf](x) = pupe(f(x))
= vp(f(x))
= vy-1p(¥)
= W p-ipppe ().

Similarly one can have V-t (x) =

Therefore, we have f~'[B¢] = f~![B]°.
(i) For any y € Y such that f(y) # < and for any

Pythagorean fuzzy subset A of X, we can write

—1[B]¢ ()C)

Fia ) = 1) + V5 )

= sup i@+ inf i@
zef~1(y) zef~1(y)

= sup (i@ —1i@)+ inf 13
zef~1y) zef~1(y)

< s ri@— inf i@+ inf 1)
zef~1) &7t zef~1)

= sup ri(a. (3.1)
zef~1(y)
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Now from (3.1), we have

Hrrac1(y) = sup  pac(z)
zef~1»)
= sup va(2)
zef~1(y)
= sup /ri(@) —pi@)
zef~1(y)
> \/ sup 13— sup pi(2)
zef~1(y) zef~1(y)

2 2
> \/rf[A](y) - Mf[A](y)
=vra1(y)
= L rrarF ().

The proof is trivial for each y € Y such that f(y) =
On the other hand, we have v f[ac1(y) < vy (y) using
the same idea. Hence, we obtain f[A]¢ C f[A€].

(iii) Assume that By C Bj. Then, we have for any x € X
that

= g, (f(x))
< puBy (f(x))
= Hyg-11B,] (x)

W p=118,1(X)

Therefore, one can get f4 p-11p,] < K -1
itis not difficult to show that v ;—i(p,; > v -

(iv) Assume that Ay C Ay andlety € Y. If f(y) = o,
then the proof is trivial. Assume that f(y) # &. Then,
we have

] Similarly,

sup 4, (2)
zef~1(y)

=< sup A, (Z)
zef~1(y)

= Ufa0 ().

A (y) =

Thus, wria;;] < Kfa,) follows. Similarly, we have

VfIAIl Z Vf[Aal-
(v) Forany y € Y such that f(y) # &, we can write

sup i -1yp)(2)
zef~1)

= sup up(f(2)
zef~y)

=ug(y).

K1) =

On the other hand if f(y) = &, then we have
/Lf[f—l[B]](y) = 0 < wup(y). Similarly, we have
Vr[f-11B]] = VB-
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(vi) Forany x € X, we have

=11 r1an ) = wpra(f ()
= sup pa(2)

zef1(f(x)
> pa(x).

Similarly, we have V-l fia]] = VA-
O

The concept of continuity is one of the well-known and
important concepts of classical topology as it reformulates
the notion of closeness in terms of open sets. We now give
the definition of Pythagorean fuzzy continuity of a function.

Definition5 Let (X, 7;) and (Y, 72) be two Pythagorean
fuzzy topological spaces and let f : X — Y be a func-
tion. Then, f is said to be Pythagorean fuzzy continuous if
for any Pythagorean fuzzy subset A of X and for any neigh-
bourhood V of f[A] there exists a neighbourhood U of A
such that f[U] C V.

The following theorem that characterizes the Pythagorean
fuzzy continuity is a consequence of Proposition 2:

Theorem 1 Let (X, t1) and (Y, 12) be two Pythagorean fuzzy
topological spaces and let f : X — Y be a function. Then,
the following statements are equivalent:

(1) f is Pythagorean fuzzy continuous.

(ii) For any Pythagorean fuzzy subset A of X and for any
neighbourhood V of f[A], there exists a neighbour-
hood U of A such that for any B C U we have
fIBIC V.

(iii) For any Pythagorean fuzzy subset A of X and for any
neighbourhood V of f[Al, there exists a neighbour-
hood U of A such that U C f~[V].

(iv) For any Pythagorean fuzzy subset A of X and for any
neighbourhood V of f[A), f~'[V]isaneighbourhood
of A.

Proof (i) = (ii) Assume that f is Pythagorean fuzzy contin-
uous, let A be a Pythagorean fuzzy subset of X and let V be a
neighbourhood of f[A]. Then, there exists a neighbourhood
U of A such that f[U] C V. Now, if B C U, then we get
fIBIC flUICV.

(i1) = (iii) Assume that (ii) holds, let A be a Pythagorean
fuzzy set of X and let V be a neighbourhood of f[A]. From
(ii), there exists a neighbourhood U of A such that for any
B C U we have f[B] C V. Then, we can write B C
fTIfIB]l C f_l[V]. As B is an arbitrary subset of U, we
have U C f~'[V].

(iii)= (iv) Assume that (iii) holds. Let A be a Pythagorean
fuzzy subset of X and let V be a neighbourhood of f[A].

Then from (iii), there exists a neighbourhood U of A such that
U c f~'[V]. Since U is a neighbourhood of A there exists
an open Pythagorean fuzzy subset P of X such that A C
P C U.Ontheotherhandas U C f_1 [V],onecanget A C
PcCf ~11v] which implies f “l[v]isa neighbourhood of
A.

(iv)= (i) Assume that (iv) holds, let A be a Pythagorean
fuzzy subset of X and let V be a neighbourhood of f[A].
From the hypothesis, we have f “v]isa neighbourhood of
A. Therefore, there exists an open Pythagorean fuzzy subset
P of X such that A ¢ P C f~![V] which implies f[P] C
SLf[V]] C V.Moreover,as P is openitis a neighbourhood
of A. Hence, f is Pythagorean fuzzy continuous. O

Following is a characterization of Pythagorean fuzzy con-
tinuity. Note that similar result is one of the well-known
results of classical topology.

Theorem 2 Let (X, t1) and (Y, 12) be two Pythagorean fuzzy
topological spaces. A function f : X — Y is Pythagorean
fuzzy continuous if and only if for each open Pythagorean
fuzzy subset B of Y we have f~'[B] is an open Pythagorean
fuzzy subset of X.

Proof Assume that f is continuous. Let B be an open
Pythagorean fuzzy subset of Y and let A C f~![B]. Then,
we get f[A] C B. Since B is open now from Proposition 1
there exists a neighbourhood V of f[A] such that V C B.
Thus, Pythagorean fuzzy continuity of f and (iv) of Theorem
1 imply that f~'[V] is a neighbourhood of A. On the other
hand from (iii) of Proposition 2 we have f~![V] c f~![B].
Therefore, f~![B] is a neighbourhood of A as well. As A
is an arbitrary subset of f~!'[B], from Proposition 1 the
Pythagorean fuzzy subset f~![B] is open.

Conversely, let A be a Pythagorean fuzzy subset of X and
let V be a neighbourhood of f[A]. Then, there exists an open
Pythagorean fuzzy subset P of X such that f[A] C P C
V. Now, from the hypothesis f~![P] is open. On the other
hand, we can write A C f~'[f[A]l € f~'P] C flV].
Hence, f~![V] is a neighbourhood of A which proves the
Pythagorean fuzzy continuity of f. O

We can obtain a Pythagorean fuzzy topology on a set X
when we are given a Pythagorean fuzzy topological space
Y and a function from X to Y. We prove this fact with the
following theorem:

Theorem 3 Let X # @ be a set, let (Y, T) be a Pythagorean
Jfuzzy topological space and let f : X — Y be a function.
Then, there exists a coarsest Pythagorean fuzzy topology T*
over X such that f is Pythagorean fuzzy continuous.

Proof Let us define a class of Pythagorean fuzzy subsets t*
of X by

= [f_l[V]:Ver].
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We prove that t* is the coarsest Pythagorean fuzzy topology
over X such that f is continuous.

(T1) We can write for any x € X that

I p=110,1(X) = oy (f (x))
=0
= Moy (x).

Similarly, we immediately have v = [0y1(*¥) = voy (x)
for any x € X which implies f_1 [Oy] = 0x. Now, as
Oy € T we have Oy = f_l[Oy] € t*. In like manner,
it is easy to see that 1x = 1yl e v

(T2) Assume that Vi,V, € t*. Then, for i = 1,2 there
exists B; € t such that f~![B;] = V; which implies
W p-11p) = Mv; and ve—1;p = vy;. Thus, we obtain
for any x € X that

myinv, (x) = _m}n2 wmy; (x)

i=l,

= min “1rpa(x

= min up, f(x)
i=1,2

= :u'BlﬂBzf(x)
= M1y (XY)-

Similarly, it is not difficult to see that vy,ny, =
V¢-11,nB,)- Hence, we get Vi N V3 € T*.

(T3) Assume that {V;};c; be an arbitrary sub-family of t*.
Then for any i € [ there exists B; € t such that
f‘l[Bi] = V; which implies Hp-1[g ] = MV and
vy-iig;] = vv;. Therefore, one can get for any x € X
that

K| |y (X) = sup py; (x)
l.LEJIV' iel
= sup f p-11g;1(x)
iel
= sup 1, f(x)
iel
=n g S

iel

= Mfl[U Bl} ().

iel
On the other hand, it is easy to see that UU v, =
iel

iel

v . Thus, we have | JV; € 7*.
A
iel
From Theorem 2, the continuity of f is trivial. Now, we
prove that t* is the coarsest Pythagorean fuzzy topology
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over X such that f is Pythagorean fuzzy continuous. Let
T** C t* be aPythagorean fuzzy topology over X such that f
is Pythagorean fuzzy continuous. If B € t* then there exists
V e tsuchthat f~I[V] = B. Since, f is Pythagorean fuzzy
continuous with respect to 7** we have B = f~![V] € T**.
Hence, we have T** = t*. O

Conclusion

In this paper, first of all, we introduce the notion of
Pythagorean fuzzy topological space which extends the
notions of both fuzzy topological space and intuitionistic
fuzzy topological space. Then, we define the image and pre-
image of Pythagorean fuzzy subsets of a function’s domain
and co-domain, respectively. We also obtain some properties
of these notions. Using the notions of image and pre-image,
we introduce the Pythagorean fuzzy continuity of a function
defined between two Pythagorean fuzzy topological spaces
and we characterize Pythagorean fuzzy continuity of func-
tions. We also prove that one can obtain a Pythagorean fuzzy
topological space on a non-empty set using the concept of
Pythagorean fuzzy continuity.
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