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Abstract
In the present study, we obtain the boundedness of B-maximal, B-singular integral
operators and B-Riesz potential in the B-local variable Morrey-Lorentz spaces. Fur-
thermore, our results are applied to the Riesz-Bessel transform of high order and
B-fractional maximal operator.
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differential operator · Local variable Morrey-Lorentz spaces · Maximal function ·
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1 Introduction

Investigations on variable function spaces have emerged in response to problems
arising in differential equations with non-standard growth conditions, fluid dynam-
ics, calculus of variations, elasticity theory [1–8]. In recent years, there has been
considerable interest in these spaces, as they offer an effective framework for investi-
gating regularity properties in PDE. These topics are considerably popular for many
researchers both in terms of their applications and also because of difficulties in stud-
ies and existing compelling problems. Therefore, many results have been presented
in harmonic analysis, however, there are still gaps in existing literature. In this study,
we discuss the maximal, singular and potential operators which are connected with
the Laplace-Bessel differential operator in B-local variable Morrey-Lorentz spaces.
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In harmonic analysis, it is very notable that studying singular integral operators with
convolution type. As applications of this theory, the boundedness of these operators
and their versions which are connected with the Laplace-Bessel differential opera-
tor have great significance. Such problems have been discussed in variable function
spaces by several mathematicians (for example, see [3, 6, 9–19]).

The classical Morrey spaces, introduced by Morrey [20], play an important role
in the study of quasi-linear elliptic partial differential equations. Various problems in
harmonic analysis have also been investigated within Morrey-type spaces and their
extensions, including Morrey-Lorentz, local Morrey-Lorentz and related generalized
spaces [9, 17–19, 21–31]. The Lorentz-Morrey spaces L p,q;λ(Rn) have first been
introduced in [28] and the corresponding local spaces M loc

p,q;λ(R
n) have later been

developed, with fundamental properties have established in [21, 30]. These spaces can
be viewed as natural extensions of Lorentz spaces, since M loc

p,q;0(R
n) = L p,q(R

n).
In recent years, considerable attention has been devoted to the boundedness of clas-
sical operators such as the Hardy-Littlewood maximal operator, Calderón-Zygmund
operators, Riesz potentials, and the Hilbert transform in local Morrey-Lorentz spaces
[22–24]. Furthermore, generalized Lorentz-Morrey spaces and their local versions
have been studied in connection with embedding theorems, Sobolev-type inequali-
ties, and regularity estimates, revealing subtle differences in their mapping properties
depending on the underlying structure [19, 28, 30, 31].

The local variableMorrey-Lorentz spaces are extensions of variable Lorentz spaces
and Mloc

p(·),q(·);λ = L p(·),q(·) for λ = 0. The variable Lorentz spaces L p(·),q(·) have
been defined and it has been proved in [13] that fractional type, singular integral
and ergodic operators are bounded on these spaces . In [17], local variable Morrey-
Lorentz spaces have been defined and the boundedness of Calderón-Zygmund and
maximal operators have been obtained in these spaces. Also, in mentioned study,
authors have applied their results to certain operators in harmonic analysis. Later, in
[9], the boundedness of the Riesz potential has been obtained in local variableMorrey-
Lorentz spaces and authors have given the applications of their results to fractional
Marcinkiewicz operator, fractional maximal and fractional powers of some analytic
semigroups in these spaces.

Under the light of above results, in this study our aim is to characterize the bound-
edness of B-maximal, B-singular integral operators and B-Riesz potential in B-local
variableMorrey-Lorentz spacesMloc

p(·),q(·),γ ;λ(R
n
k,+). Furthermore,we apply ourmain

results to some operators.

2 Definitions of Some Spaces and Operators

The B-maximal, B-singular integral operators and B-Riesz potential are generated by
generalized translation operators which are defined as follows:

T y f (x) = Aγ,k

∫ π

0
. . .

∫ π

0
f
[
(x1, y1)α1 , . . . , (xk, yk)αk , x

′′ − y′′] k∏
i=1

sinγi−1 αi dαi ,

123



Some results concerning B-local variable…

where f ∈ C∞
c (Rn), Aγ,k = π− k

2 Γ (
γi+1
2 )[Γ (

γi
2 )]−1, x = (x ′, x ′′), x ′ =

(x1, . . . , xk) ∈ R
k , x ′′ = (xk+1, . . . , xn) ∈ R

n−k , (xi , yi )αi = (x2i − 2xi yi cosαi +
y2i )

1
2 , 1 ≤ i ≤ k, and 1 ≤ k ≤ n [32, 33]. One can observe that T y is associated with

the Laplace-Bessel differential operator

ΔB :=
k∑

i=1

Bi +
n∑

i=k+1

∂2

∂x2i
, Bi = ∂2

∂x2i
+ γi

xi

∂

∂xi
, 1 ≤ k ≤ n,

due to its fundamental properties. In particular, it commuteswithΔB , i.e., T y(ΔB f ) =
ΔB(T y f ) and it induces a convolution structure adapted to the spectral decomposition
ofΔB via the Fourier-Bessel transform. Moreover, this operator arises naturally as the
radial analogue of the classical translation operator in Rn . In view of these properties,
the operator can be naturally interpreted as a generalized translation associated with
the spectral structure of ΔB [34–36].

The B-convolution, B-maximal operators and B-Riesz potential are defined respec-
tively, as

( f ⊗ g)(x) =
∫
R
n
k,+

f (y)T yg(x)(y′)γ dy,

Mγ f (x) = sup
r>0

|B+(0, r)|−1
γ

∫
B+(0,r)

T y | f (x)|(y′)γ dy, f ∈ L loc
1,γ (Rn

k,+),

I α
γ f (x) =

∫
R
n
k,+

T y |x |α−Q f (y)(y′)γ dy, 0 < α < Q,

where R
n
k,+ = {x ∈ R

n : x1 > 0, . . . , xk > 0, 1 ≤ k ≤ n}, γ = (γ1, . . . , γk),
γ1 > 0, . . . , γk > 0, |γ | = γ1 + . . . + γk , and B+(x, r) = {y ∈ R

n
k,+ : |x − y| < r}.

If B+(0, r) ⊂ R
n
k,+ is measurable, then

|B+(0, r)|γ =
∫
B+(0,r)

(x ′)γ dx = rQ
π

n−k
2

2k

k∏
i=1

Γ
(

γi+1
2

)

Γ
( γi
2

) ,

where Q = n + |γ |.
The definition of B-singular integral operator is as follows:

Tγ f (x) = p.v.

∫
R
n
k,+

Θ(ξ)

|y|Q [T y f (x)](y′)γ dy

where ξ = y/|y|, and Θ(ξ) belongs to any function spaces on the semisphere Sk,+ =
{x ∈ R

n
k,+ : |x | = 1} that ensure the convergence of the principal value integral (for

example, see [35, 37]), typical choices are Θ(ξ) ∈ C(Sk,+) or Θ(ξ) ∈ L p(Sk,+) and
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also satisfies the cancellation condition
∫
Sk,+

Θ(ξ)(ξ ′)γ dσ(ξ) = 0. (2.1)

B-singular integral operator is of convolution type with the kernel K (y) = Θ(ξ)

|y|Q and

so one can write as Tγ f (x) = (K ⊗ f )(x).
Let P(Rn

k,+) denote the set of whole measurable functions p(·) : Rn
k,+ → [1,∞].

These functions are referred to as variable exponent functions. We assume that

1 ≤ p− ≤ p(x) ≤ p+ < ∞. (2.2)

Here p− = ess inf
x∈Rn

k,+
p(x), p+ = ess sup

x∈Rn
k,+

p(x).

Given p(·), the conjugate exponent function, denoted by p′(·), satisfies the follow-
ing equality:

1

p(x)
+ 1

p′(x)
= 1, x ∈ R

n
k,+.

By P(Rn
k,+), we will denote the set of variable exponents p(·) such that (2.2) holds

and the following local log-condition is satisfied:

|p(x) − p(y)| ≤ A

− ln |x − y| , |x − y| ≤ 1

2
, y ∈ R

n
k,+, (2.3)

being A > 0 independent of x, y. The following inequalities are known as decay
conditions:

|p(x) − p(0)| ≤ A0

|ln |x || , |x | ≤ 1

2
, (2.4)

|p(x) − p∞| ≤ A∞
|ln |x || , |x | ≥ 2, (2.5)

where p∞ = lim
x→∞ p(x). For short, P0,∞(Rn

k,+) consists of bounded measurable

functions which satisfy (2.4) and (2.5).
The space L p(·)(Rn) is known as the set of measurable functions f such that

‖ f ‖L p(·)(Rn) = inf
{
μ > 0 : �p(·) ( f /μ) ≤ 1

}
,

for p(·) ∈ P(Rn), where

�p(·) =
∫
Rn\(Rn)∞

| f (x)|p(x)dx + ‖ f ‖L∞(Rn)∞ < ∞,
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and (Rn)∞ = {x ∈ R
n : p(x) = ∞}.

Let E be any measurable set with |E |γ =
∫
E
(x ′)γ dx , f : R

n
k,+ → R be a

measurable function and t ∈ (0,∞). Then the γ -rearrangement of f in decreasing
order and average function of f ∗

γ are defined, respectively, as (see [38]):

f ∗
γ (t) = inf

{
η > 0 : ∣∣{x ∈ R

n
k,+ : | f (x)| > η

}∣∣
γ

≤ t
}

,

f ∗∗
γ (t) = 1

t

∫ t

0
f ∗
γ (τ )dτ.

Lemma 1 [39] Let E = (E ′, En) ⊂ R
n
k,+ be any measurable set, En ⊂ (0,∞),

E ′ = E1 × · · · × En−1 ⊂ R
n−1 and y ∈ R

n
k,+. Then

∫
E
T yg(x)(y′)γ dy = Aγ

∫
(x,0)+Ẽ

g

(
z′,

√
z2n + z2n+1

)
zγ−1
n+1dz1dz2 · · · dzndzn+1

holds, where Ẽ = E ′ × (−�, �) × [0, �), and � = sup En.

Lemma 2 [39] Let E ⊂ R
n
k,+ be any measurable set and y ∈ R

n
k,+. Then,

sup
|E |γ =t

∫
E
T y | f (x)|(y′)γ dy = Aγ

∫ t

0
f ∗
γ (τ )dτ. (2.6)

holds.

The variable Lorentz space L p(·),q(·),γ (Rn
k,+) is the space of whole measurable

functions f on R
n
k,+ such that t

1
p(t) − 1

q(t) f ∗
γ (t) ∈ Lq(·)(0,∞), i.e.,

Jp(·),q(·)( f ) =
∫ ∞

0
t
q(t)
p(t) −1| f ∗

γ (t)|q(t)dt < ∞,

and with finite norm

‖ f ‖L p(·),q(·),γ (Rn
k,+) = inf

{
μ > 0 : Jp(·),q(·) ( f /μ) ≤ 1

}

=
∥∥∥t 1

p(t) − 1
q(t) f ∗

γ (t)
∥∥∥
Lq(·)(0,∞)

,

where p(·), q(·) ∈ P0(0,∞) [10]. If p(·) = q(·), then it is easy to see that
L p(·),p(·),γ = L p(·),γ [16, Theorem 3.2].

123



E. Kaya, C. Aykol

The local variable Morrey space is the space of whole measurable functions such
that

‖ f ‖LMp(·),λ(0,∞) = sup
ρ>0

ρ
− λ

p(ρ) ‖ f ‖L p(·)(0,ρ)

= sup
ρ>0

inf

⎧⎨
⎩μ > 0 :

∫ ρ

0

∣∣∣∣∣
f (x)

μρ
λ

p(ρ)

∣∣∣∣∣
p(x)

dx ≤ 1

⎫⎬
⎭ < ∞,

and is denoted by LMp(·),λ ≡ LMp(·),λ(0,∞), where 1 < p− ≤ p+ < ∞, λ ∈ [0, 1),
p(ρ) = p(0) for ρ ∈ (0, 1) and p(ρ) = p(∞) for ρ ≥ 1.

Now, we will introduce the B-local variable Morrey-Lorentz space
Mloc

p(·),q(·),γ ;λ(R
n
k,+).

The B-local variable Morrey-Lorentz space is the space of whole measurable func-
tions such that

‖ f ‖Mloc
p(·),q(·),γ ;λ(Rn

k,+) = sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥t 1
p(t) − 1

q(t) f ∗
γ (t)

∥∥∥
Lq(·)(0,ρ)

< ∞,

and is denoted by Mloc
p(·),q(·),γ ;λ ≡ Mloc

p(·),q(·),γ ;λ(R
n
k,+), where 0 < p− ≤ p+ < ∞,

1 < q− ≤ q+ < ∞ and λ ∈ [0, 1). These spaces generalize variable Lorentz spaces
such that Mloc

p(·),q(·),γ ;λ(R
n
k,+) = L p(·),q(·),γ (Rn

k,+) when λ = 0 [13]. Also, if λ = 0

and p(·) = q(·), then Mloc
p(·),q(·),γ ;0(R

n
k,+) = L p(·),γ (Rn

k,+) are variable Lebesgue
spaces [40].

Definition 1 [11, 13] The weighted Hardy operators Hβ(·)
ν(·) and Hβ(·)

ν(·) with power
weights acting on ψ are defined as

Hβ(·)
ν(·) ψ(t) = tβ(t)+ν(t)−1

∫ t

0

ψ(y)

yν(y)
dy,

and

Hβ(·)
ν(·)ψ(t) = tβ(t)+ν(t)

∫ ∞

t

ψ(y)

yν(y)+1
dy,

where β(t) and ν(t) are measurable functions on (0,∞).

In the following lemma, one can find minimal conditions on r
λ

q(r) in order that
“nice” functions are contained in so-defined spaces.

Lemma 3 [18] Let 1 < p− ≤ p+ < ∞, p ∈ P0(0,∞) and λ ∈ [0, 1). If

sup
t>0

[min{1, t}] 1
p(0) t−

λ
p(t) < ∞, (2.7)

then any bounded function f with compact support belongs to LMp(·),λ(0,∞).
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Lemma 4 [18] Let 1 < p− ≤ p+ < ∞, p ∈ P0,∞(0,∞), λ ∈ [0, 1), limt→∞ tβ(t)

exist and is finite and also satisfies (2.7). Assume that the following holds:

• tβ(t)+ν(t)−a and t
λ
p(t) −ν(t)−a are almost decreasing for some a ∈ R in case of

Hβ(·)
ν(·) .

• t−β(t)−ν(t)+b and t
λ
p(t) −ν(t)+b are almost increasing for some b ∈ R in case of

Hβ(·)
ν(·) .
Then

ν(t) <
λ

p(t)
+ 1

p′(0)
, ν(t) >

λ

p(t)
− 1

p(∞)

are sufficient for Hβ(·)
ν(·) andHβ(·)

ν(·) , to be defined on the space LMp(·),λ(0,∞), respec-
tively.

The following Hardy inequalities are required for the proofs of our main theorems.

Proposition 1 [18] Let 1 < p− ≤ p+ < ∞, p(·) ∈ P0,∞(0,∞), λ ∈ [0, 1). Suppose
that (2.7) and Lemma 4 are satisfied. Then Hβ(·)

ν(·) andHβ(·)
ν(·) are bounded in the space

LMp(·),λ(0,∞) if ν(t) < λ
p(t) + 1

p′(t) , ν(t) > λ
p(t) − 1

p(t) , respectively.

Proposition 2 [18] Let 1 < p− ≤ p+ < ∞, p(·),∈ P0,∞(0,∞), λ ∈ [0, 1). Sup-
pose that (2.7) and Lemma 3 are satisfied. Then Hβ(·)

ν(·) and Hβ(·)
ν(·) are bounded from

LMp(·),λ(0,∞) to LMq(·),λ(0,∞) if ν(t) < λ
p(t) + 1

p′(t) , ν(t) > λ
p(t) − 1

p(t) , respec-
tively.

3 Boundedness of the B-maximal operator in B-local variable
Morrey-Lorentz spaces

In this section, we study the boundedness of B-maximal operator in B-local variable
Morrey-Lorentz spaces. Firstly, we recall the sharp rearrangement inequality for the
B-maximal operator.

Lemma 5 [39] Sharp rearrangement inequality is given by

(Mγ f )∗γ (t) ≤ A f ∗∗
γ (t), t > 0, (3.1)

for B-maximal operator, where A = A(n, γ ) > 0 is a constant.

Theorem 1 Let p(·), q(·) ∈ P0,∞(0,∞), 1 < p− ≤ p+ < ∞, 1 < q− ≤ q+ < ∞,
λ ∈ [0, 1) and f ∈ Mloc

p(·),q(·),γ ;λ(R
n
k,+). Assume that the assumptions of Lemma 4

and (2.7) are satisfied. Then Mγ is bounded inMloc
p(·),q(·),γ ;λ(R

n
k,+).

Proof Let p(·), q(·) ∈ P0,∞(0,∞), 1 < p− ≤ p+ < ∞, 1 < q− ≤ q+ < ∞,
λ ∈ [0, 1), f ∈ Mloc

p(·),q(·),γ ;λ(R
n
k,+) and satifies (2.7). From the definitions of space
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Mloc
p(·),q(·),γ ;λ(R

n
k,+), average function of f ∗

γ and (3.1), we obtain

‖Mγ f ‖Mloc
p(·),q(·),γ ;λ(Rn

k,+) = sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥t 1
p(t) − 1

q(t) (Mγ f )∗γ (t)
∥∥∥
Lq(·)(0,ρ)

≤ A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥t 1
p(t) − 1

q(t) f ∗∗
γ (t)

∥∥∥
Lq(·)(0,ρ)

= A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥∥t
1

p(t) − 1
q(t) −1

∫ t

0
f ∗
γ (τ )dτ

∥∥∥∥
Lq(·)(0,ρ)

.

Let β(t) = 0, ν(t) = 1
p(t) − 1

q(t) andψ(t) = t
1

p(t) − 1
q(t) f ∗

γ (t). Then, by using the Hardy
inequality in Proposition 1 and the definition of space LMq(·),λ(0,∞), we have

‖Mγ f ‖M loc
p(·),q(·),γ ;λ

≤ A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥∥tν(t)
∫ t

0

ψ(τ)

τ ν(t)
dτ

∥∥∥∥
Lq(·)(0,ρ)

= A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥Hβ(t)
ν(t) ψ

∥∥∥
Lq(·)(0,ρ)

= A
∥∥∥Hβ(t)

ν(t) ψ

∥∥∥
LMq(·),λ(0,∞)

≤ A ‖ψ‖LMq(·),λ(0,∞)

= A sup
ρ>0

ρ
− λ

q(ρ) ‖ψ‖Lq(·)(0,ρ)

= A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥t 1
p(t) − 1

q(t) f ∗
γ (t)

∥∥∥
Lq(·)(0,ρ)

= A‖ f ‖M loc
p(·),q(·),γ ;λ

.

Hence, the desired result is obtained. 
�

4 Boundedness of the B-singular integral operator in B-local variable
Morrey-Lorentz spaces

This section is devoted the boundedness of B-singular integral operator in B-local
variableMorrey-Lorentz spaces. Firstly, wewill give two theoremswhich state O’Neil
type inequality for B-convolution operator and a pointwise rearrangement estimate of
generalized B-potential integral, respectively.

Theorem 2 [41] Let f , g be positive measurable functions defined on Rn
k,+. Then,

( f ⊗ g)∗∗
γ (t) ≤ Aγ,k

(
f ∗∗
γ (t)

∫ t

0
g∗∗
γ (u)du +

∫ ∞

t
f ∗
γ (u)g∗∗

γ (u)du

)
,

holds for all t > 0.
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Theorem 3 [41] If Kα ∈ WLQ/(Q−α),γ (Rn
k,+), 0 < α < Q, then

(Kα ⊗ g)∗γ (t) ≤ (Kα ⊗ g)∗∗
γ (t) ≤ A

(
tα/Q−1

∫ t

0
f ∗
γ (τ )dτ +

∫ ∞

t
τα/Q−1 f ∗

γ (τ )dτ

)
,

where A = Ak,γ (Q/α)2‖Kα‖WLQ/(Q−α),γ (Rn
k,+).

Since Tγ f (x) is of convolution type and by Theorem 3, one can write

(Tγ f (x))∗γ (t) ≤ (Tγ f (x))∗∗
γ (t) ≤ A

(
t−1

∫ t

0
f ∗
γ (τ )dτ +

∫ ∞

t
τ−1 f ∗

γ (τ )dτ

)
.

(4.1)

We are ready to show theMloc
p(·),q(·),γ ;λ(R

n
k,+)-boundedness of Tγ .

Theorem 4 Let p(·), q(·) ∈ P0,∞(0,∞), 1 < p− ≤ p+ <
q(t)
λ
, 1 ≤ q− ≤ q+ < ∞

λ ∈ [0, 1) and f ∈ Mloc
p(·),q(·),γ ;λ(R

n
k,+). Assume that the assumptions of Lemma 4

and (2.7) are satisfied. Then Tγ is bounded inMloc
p(·),q(·),γ ;λ(R

n
k,+).

Proof Let p(·), q(·) ∈ P0,∞(0,∞), 1 < p− ≤ p+ <
q(t)
λ
, 1 ≤ q− ≤ q+ < ∞,

λ ∈ [0, 1) and f ∈ Mloc
p(·),q(·),γ ;λ(R

n
k,+). We begin with the definition of the norm in

the space Mloc
p(·),q(·),γ ;λ(R

n
k,+), which is given by

‖Tγ f ‖Mloc
p(·),q(·),γ ;λ(Rn

k,+) = sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥t 1
p(t) − 1

q(t) (Tγ f )∗γ (t)
∥∥∥
Lq(·)(0,ρ)

.

By substituting the estimate (4.1) into the above norm, we obtain

‖Tγ f ‖Mloc
p(·),q(·),γ ;λ(Rn

k,+)

≤ A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥∥t
1

p(t) − 1
q(t)

(
t−1

∫ t

0
f ∗
γ (τ )dτ +

∫ ∞

t
τ−1 f ∗

γ (τ )dτ

)∥∥∥∥
Lq(·)(0,ρ)

≤ A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥∥t
1

p(t) − 1
q(t) −1

∫ t

0
f ∗
γ (τ )dτ

∥∥∥∥
Lq(·)(0,ρ)

+ A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥∥t
1

p(t) − 1
q(t)

∫ ∞

t
τ−1 f ∗

γ (τ )dτ

∥∥∥∥
Lq(·)(0,ρ)

= I1 + I2.

I1 can easily be obtained with the use of same method as in the proof of Theorem 1,
i.e.,

I1 ≤ A ‖ f ‖Mloc
p(·),q(·),γ ;λ(Rn

k,+).

123



E. Kaya, C. Aykol

For I2, choosingβ(t) = 0, ν(t) = 1
p(t)− 1

q(t) andψ(t) = t
1

p(t) − 1
q(t) f ∗

γ (t) in Proposition
1, we get

I2 = sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥∥t
1

p(t) − 1
q(t)

∫ ∞

t
τ−1 f ∗

γ (τ )dτ

∥∥∥∥
Lq(·)(0,ρ)

= sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥∥tν(t)
∫ ∞

t

ψ(τ)

τ ν(τ)+1
dτ

∥∥∥∥
Lq(·)(0,ρ)

= A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥Hβ(·)
ν(·)ψ

∥∥∥
Lq(·)(0,ρ)

= A
∥∥∥Hβ(·)

ν(·)ψ
∥∥∥
LMq(·),λ(0,∞)

≤ A ‖ψ‖LMq(·),λ(0,∞)

= A sup
ρ>0

ρ
− λ

q(ρ) ‖ψ‖Lq(·)(0,ρ)

= A sup
ρ>0

ρ
− λ

q(ρ)

∥∥∥t 1
p(t) − 1

q(t) f ∗
γ (t)

∥∥∥
Lq(·)(0,ρ)

= A ‖ f ‖Mloc
p(·),q(·),γ ;λ(Rn

k,+).

Hence, the desired result is obtained. 
�

5 Boundedness of the B-Riesz potential in B-local variable
Morrey-Lorentz spaces

This section is devoted to the
(
Mloc

p(·),r(·),γ ;λ(R
n
k,+), Mloc

q(·),s(·),γ ;λ(R
n
k,+)

)
- bounded-

ness of B-Riesz potential.
Firstly, we recall the following inequality, for B-Riesz potential,

(I α
γ f )∗γ (t) ≤ (I α

γ f )∗∗
γ (t) ≤ A

(
t

α
Q−1

∫ t

0
f ∗
γ (τ )dτ +

∫ ∞

t
τ

α
Q−1 f ∗

γ (τ )dτ

)
, (5.1)

where A = Aγ,k(Q/α)2ω(n, k, γ )(Q−α)/Q and ω(n, k, γ ) = π
n−k
2

2k

k∏
i=1

Γ
(

γi+1
2

)

Γ
( γi
2

)
[42].

Theorem 5 Let p(·), q(·), r(·), s(·) ∈ P0,∞(0,∞) satisfying (2.2), λ ∈ [0, 1) and
f ∈ Mloc

p(·),r(·),γ ;λ(R
n
k,+). Suppose also that the assumptions of Lemma 4 and (2.7)

are satisfied. If r(t)
r(t)+λ

< p(t) <
(

λ
r(t) + α

Q
)−1

, 1
p(t) − 1

q(t) = λ
(

1
r(t) − 1

s(t)

)
+ α

Q ,

the B-Riesz potential I α
γ is bounded fromMloc

p(·),r(·),γ ;λ(R
n
k,+) toMloc

q(·),s(·),γ ;λ(R
n
k,+).
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Proof From the definition of Mloc
q(·),s(·),γ ;λ(R

n
k,+) and (5.1), we get

‖I α
γ f ‖Mloc

q(·),s(·),γ ;λ(Rn
k,+)

= sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥t 1
q(t) − 1

s(t) (I α
γ f )∗γ (t)

∥∥∥
Ls(·)(0,ρ)

≤ sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥t 1
q(t) − 1

s(t) (I α
γ f )∗∗

γ (t)
∥∥∥
Ls(·)(0,ρ)

≤ A sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥∥t
1

q(t) − 1
s(t)

(
t

α
Q−1

∫ t

0
f ∗
γ (τ )dτ +

∫ ∞

t
τ

α
Q−1 f ∗

γ (τ )dτ

)∥∥∥∥
Ls(·)(0,ρ)

≤ A sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥∥t
1

q(t) − 1
s(t) + α

Q−1
∫ t

0
f ∗
γ (τ )dτ

∥∥∥∥
Ls(·)(0,ρ)

+ A sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥∥t
1

q(t) − 1
s(t)

∫ ∞

t
τ

α
Q−1 f ∗

γ (τ )dτ

∥∥∥∥
Ls(·)(0,ρ)

= J1 + J2.

By taking into account ν(t) = 1

p(t)
− 1

r(t)
andψ(t) = t

1
p(t) − 1

r(t) f ∗
γ (t), we haveβ(t) =

1
q(t) − 1

s(t) + 1
r(t) − 1

p(t) + α
Q . By Proposition 2, we get β(t) = (1− λ)

(
1

r(t) − 1
s(t)

)
,

then we find 1
p(t) − 1

q(t) = λ
(

1
r(t) − 1

s(t)

)
+ α

Q . Hence Hβ(·)
ν(·) is bounded from

LMr(·),λ(0,∞) to LMs(·),λ(0,∞) under the condition ν(t) = 1
p(t) − 1

r(t) < 1
r ′(t) + λ

r(t) .
From Proposition 2, we obtain

J1 = sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥∥t
1

q(t) − 1
s(t) + α

Q−1
∫ t

0
f ∗
γ (τ )dτ

∥∥∥∥
Ls(·)(0,ρ)

= sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥∥tβ(t)+ν(t)−1
∫ t

0

ψ(τ)

τ ν(τ)
dτ

∥∥∥∥
Ls(·)(0,ρ)

= sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥Hβ(·)
ν(·) ψ

∥∥∥
Ls(·)(0,ρ)

=
∥∥∥Hβ(·)

ν(·) ψ

∥∥∥
LMs(·),λ(0,∞)

≤ A ‖ψ‖LMr(·),λ(0,∞)

= A ‖t 1
p(t) − 1

r(t) f ∗
γ (t)‖LMr(·),λ(0,∞)

= A sup
ρ>0

ρ
− λ

r(ρ)

∥∥∥t 1
p(t) − 1

r(t) f ∗
γ (t)

∥∥∥
Lr(·)(0,ρ)

= A ‖ f ‖Mloc
p(·),r(·),γ ;λ(Rn

k,+).
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Now, we estimate J2. By taking into account ν(t) = 1

p(t)
− 1

r(t)
− α

Q and

ψ(t) = t
1

p(t) − 1
r(t) f ∗

γ (t) ∈ Lq(·)(0,∞), we get β(t) = 1
q(t) − 1

s(t) + 1
r(t) − 1

p(t) + α
Q .

By Proposition 2, we find β(t) = (1 − λ)
(

1
r(t) − 1

s(t)

)
, then we get 1

p(t) − 1
q(t) =

λ
(

1
r(t) − 1

s(t)

)
+ α

Q . HenceHβ(·)
ν(·) is bounded from LMr(·),λ(0,∞) to LMs(·),λ(0,∞)

under the condition λ
r(t) − 1

r(t) < ν(t) = 1
p(t) − 1

r(t) − α
Q . Then, we obtain

J2 = sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥∥t
1

q(t) − 1
s(t)

∫ ∞

t
τ

α
Q−1 f ∗

γ (τ )dτ

∥∥∥∥
Ls(·)(0,ρ)

= sup
ρ>0

ρ
− λ

s(ρ)

∥∥∥Hβ(·)
ν(·)ψ

∥∥∥
Ls(·)(0,ρ)

=
∥∥∥Hβ(·)

ν(·)ψ
∥∥∥
LMs(·),λ(0,∞)

≤ A ‖ψ‖LMr(·),λ(0,∞)

= A sup
ρ>0

ρ
− λ

r(ρ)

∥∥∥t 1
p(t) − 1

r(t) f ∗
γ (t)

∥∥∥
Lr(·)(0,ρ)

= A ‖ f ‖Mloc
p(·),r(·),γ ;λ(Rn

k,+).

This completes the proof. 
�

6 Some Applications

Theorems 4 and 5 can be applied to various operators which are estimated from above
by Tγ and I α

γ . Here, we apply these theorems to the Riesz-Bessel transform of high
order and B-fractional maximal operator.

A special case of B-singular integral operators is Riesz-Bessel transform of high
order. First, let us recall its definition:

R(k)
γ f (x) = Aγ,k

[
p.v

(
Pk(y)

|y|k+Q ⊗ f

)]
(x)

= p.v. Aγ,k

∫
R
n
k,+

Pk (y)

|y|k+Q
[
T y f (x)

]
(y′)νdy

where Aγ,k = 2Q/2Γ (Q/2)

Γ
(
k/2

) , k = 1, 2, . . . n. Note that

Pk(y) = Pk(y21 , . . . , y
2
k , yk+1, . . . , yn) is a homogeneous polynomial of order k,
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ΔB Pk = 0 and satisfying the following conditions:

∫
Sk,+

Pk(ξ)(ξ ′)γ dξ = 0 and sup
ξ∈S+

|Pk(ξ)| = M < ∞. (6.1)

Here the characteristic Pk(ξ) ∈ Sk,+, and ξ = y

|y| . We denote by K (y) = Θk (y)
|y|Q ,

Θk(y) = Aγ,k
Pk (y)
|y|k the kernel of Riesz-Bessel transforms of high order [43, 44].

Now, we can give the following result as consequence of our main theorem.

Corollary 1 Let 1 < p− ≤ p+ <
q(t)
λ
, 1 ≤ q− ≤ q+ < ∞ p(·), q(·) ∈ P0,∞(0,∞),

λ ∈ [0, 1) and f ∈ Mloc
p(·),q(·),γ ;λ(R

n
k,+). Assume that the assumptions of Lemma 4

and (2.7) are satisfied. Then R(k)
γ is bounded in

Mloc
p(·),q(·),γ ;λ(R

n
k,+).

The B-fractional maximal operator is defined as

Mα
γ f (x) = sup

r>0
|B+(0, r)|

α
Q−1
γ

∫
B+(0,r)

T y | f (x)|(y′)γ dy, 0 ≤ α < Q.

One can easily observe that M0
γ f = Mγ f for α = 0 [45]. Also, the B-fractional

maximal operator is closely associated with the B-Riesz potential such that

Mα
γ ≤ A I α

γ . (6.2)

Therefore, the next corollary follows immediately.

Corollary 2 Let p(·), q(·), r(·), s(·) ∈ P0,∞(0,∞) satisfying (2.2), λ ∈ [0, 1) and
f ∈ Mloc

p(·),r(·),γ ;λ(R
n
k,+). Suppose also that the assumptions of Lemma 4 and (2.7)

are satisfied. If r(t)
r(t)+λ

< p(t) <
(

λ
r(t) + α

Q
)−1

, 1
p(t) − 1

q(t) = λ
(

1
r(t) − 1

s(t)

)
+ α

Q ,

then Mα
γ is bounded fromMloc

p(·),r(·),γ ;λ(R
n
k,+) toMloc

q(·),s(·),γ ;λ(R
n
k,+).
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23. Guliyev, V.S., Aykol, C., Küçükaslan, A., Şerbetçi, A.: Maximal operator and Calderón-Zygmund
operators in local Morrey-Lorentz spaces. Integral Transforms Spec. Funct. 27(11), 866–877 (2016).
https://doi.org/10.1080/10652469.2016.1227329
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41. Guliyev, V.S., Şerbetçi, A., Safarov, Z.V.: On the rearrangement estimates and the boundedness of the

generalized fractional integrals associated with the Laplace-Bessel differential operator. Acta Math
Hung. 119(3), 201–217 (2008). https://doi.org/10.1007/s10474-007-6107-5
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