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Abstract

In the present study, we obtain the boundedness of B-maximal, B-singular integral
operators and B-Riesz potential in the B-local variable Morrey-Lorentz spaces. Fur-
thermore, our results are applied to the Riesz-Bessel transform of high order and
B-fractional maximal operator.
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1 Introduction

Investigations on variable function spaces have emerged in response to problems
arising in differential equations with non-standard growth conditions, fluid dynam-
ics, calculus of variations, elasticity theory [1-8]. In recent years, there has been
considerable interest in these spaces, as they offer an effective framework for investi-
gating regularity properties in PDE. These topics are considerably popular for many
researchers both in terms of their applications and also because of difficulties in stud-
ies and existing compelling problems. Therefore, many results have been presented
in harmonic analysis, however, there are still gaps in existing literature. In this study,
we discuss the maximal, singular and potential operators which are connected with
the Laplace-Bessel differential operator in B-local variable Morrey-Lorentz spaces.
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In harmonic analysis, it is very notable that studying singular integral operators with
convolution type. As applications of this theory, the boundedness of these operators
and their versions which are connected with the Laplace-Bessel differential opera-
tor have great significance. Such problems have been discussed in variable function
spaces by several mathematicians (for example, see [3, 6, 9—19]).

The classical Morrey spaces, introduced by Morrey [20], play an important role
in the study of quasi-linear elliptic partial differential equations. Various problems in
harmonic analysis have also been investigated within Morrey-type spaces and their
extensions, including Morrey-Lorentz, local Morrey-Lorentz and related generalized
spaces [9, 17-19, 21-31]. The Lorentz-Morrey spaces L 4., (R") have first been
introduced in [28] and the corresponding local spaces M °° 5 (R") have later been
developed, with fundamental properties have established in (21, 30]. These spaces can
be viewed as natural extensions of Lorentz spaces, since MLOZ (R") = L, ,@R").
In recent years, considerable attention has been devoted to the boundedness of clas-
sical operators such as the Hardy-Littlewood maximal operator, Calderén-Zygmund
operators, Riesz potentials, and the Hilbert transform in local Morrey-Lorentz spaces
[22-24]. Furthermore, generalized Lorentz-Morrey spaces and their local versions
have been studied in connection with embedding theorems, Sobolev-type inequali-
ties, and regularity estimates, revealing subtle differences in their mapping properties
depending on the underlying structure [19, 28, 30, 31].

The local variable Morrey-Lorentz spaces are extensions of variable Lorentz spaces
and MIOC) 40 = Lp().qe) for A = 0. The variable Lorentz spaces L () 4(, have
been deﬁned and it has been proved in [13] that fractional type, singular integral
and ergodic operators are bounded on these spaces . In [17], local variable Morrey-
Lorentz spaces have been defined and the boundedness of Calderén-Zygmund and
maximal operators have been obtained in these spaces. Also, in mentioned study,
authors have applied their results to certain operators in harmonic analysis. Later, in
[9], the boundedness of the Riesz potential has been obtained in local variable Morrey-
Lorentz spaces and authors have given the applications of their results to fractional
Marcinkiewicz operator, fractional maximal and fractional powers of some analytic
semigroups in these spaces.

Under the light of above results, in this study our aim is to characterize the bound-
edness of B-maximal, B-singular integral operators and B-Riesz potential in B-local
variable Morrey-Lorentz spaces Ml;(c.),q Oy (R% ). Furthermore, we apply our main
results to some operators.

2 Definitions of Some Spaces and Operators

The B-maximal, B-singular integral operators and B-Riesz potential are generated by
generalized translation operators which are defined as follows:

k

T T
T f(x) = Ay,k/ / L@ yDar - G Y X7 = ¥ [ [ sin” ' i dai.
0 0

i=1
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where f € CP(R"), A, = Jt*%I’(”TH)[F(%)]*l, x = (L, x"), ¥ =
(X1, ..., x%) € RE X" = (xpq1s ... xn) € RPK, (5, Vida; = (xi2 — 2x;y; cosa; +
yl.z)%, 1<i<k,and1 <k <n[32,33]. One can observe that T7 is associated with
the Laplace-Bessel differential operator

n

k 82 32 Vi P
AB:ZBZ+Z_2’ Bi=—+4+— 1 <k<n,
i=1

2 . 0
i 0% 8xl. X; 0X;

due to its fundamental properties. In particular, it commutes with Ag,i.e., T7(Ap f) =
Ap(T” f) and itinduces a convolution structure adapted to the spectral decomposition
of Ap via the Fourier-Bessel transform. Moreover, this operator arises naturally as the
radial analogue of the classical translation operator in R”. In view of these properties,
the operator can be naturally interpreted as a generalized translation associated with
the spectral structure of Ap [34-36].

The B-convolution, B-maximal operators and B-Riesz potential are defined respec-
tively, as

(Feom=[ O,
k,+

r>0

M, f(x) = sup |B4(0, )], fB o, TTH@IOdy. fe LY @®) ),
+ U, r

Iy fo = / L TR0y, 0<a<Q

k,+

WhereRzJr =xeR':x1>0,....,2p >0, 1 <k <nlL,y = W, ..., V&),
>0 ..n>0lyl=ri+...+vand Bi(x,r)={y e R} | : [x—y| <r}.
If B(0,r) C RZ’Jr is measurable, then

n—k

ok F<VT+1)
T
|B+(0,r>|y=f (') dx =r9 e
o w7

where Q =n + |y|.
The definition of B-singular integral operator is as follows:

®
T, f(x) = P-v~/ %[Tyf(X)](y/)ydy
R, |yl

k,+
where £ = y/|y|, and © (§) belongs to any function spaces on the semisphere Sy 4 =

{x e RZ! 4 ¢ |x| = 1} that ensure the convergence of the principal value integral (for
example, see [35, 37]), typical choices are & (§) € C (S ) or O (&) € LP (S, +) and
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also satisfies the cancellation condition

/ OE)(EN do(E) =0. 2.1
Sk.+

e¢)
ly|€

B-singular integral operator is of convolution type with the kernel K (y) = and

so one can write as T), f(x) = (K ® f)(x).
Let P(R} ) denote the set of whole measurable functions p(-) : RZ’ 4+ — [1, 00l
These functions are referred to as variable exponent functions. We assume that

1<p =<pkx) <py<oo (2.2)

Here p_ = ess inf p(x), p+ = ess sup p(x).
xeRy | xeRY |
Given p(-), the conjugate exponent function, denoted by p’(-), satisfies the follow-
ing equality:

I N
px)  px)

n
1, «x eRk,-;—-

By ]P’(RZ, ), we will denote the set of variable exponents p(-) such that (2.2) holds
and the following local log-condition is satisfied:

lp(x) = p)| = —

1
. —y|<=.yeR",, 2.3
Injx — ] lx =y < 5 Y ER, (2.3)

being A > 0 independent of x, y. The following inequalities are known as decay
conditions:

A 1
Ip(x) — p(0)] < —>— |x| < =, 2.4)
|In |x|| 2

|P(x) = pool = x| =2, 2.5

>
|In |x||’

where po, = lim p(x). For short, Py o (R} ) consists of bounded measurable
X—> 00 ’

functions which satisfy (2.4) and (2.5).
The space L () (IR") is known as the set of measurable functions f such that

I £llL @y =inf {w > 0: 0pey (f/p) <1},

for p(-) € P(R"), where

0p() Z/ |FEIPDdx 4 1 1l gy, < 00,
R™\(R")oo
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and (R") s = {x € R" : p(x) = 00}.
Let E be any measurable set with [E|, = /(x/)ydx, f: RZHF — R bea

E
measurable function and ¢ € (0, co). Then the y-rearrangement of f in decreasing
order and average function of f; are defined, respectively, as (see [38]):

froy =infln=0: [{xeRi :1fwl=n}|, =1},

o= fo @,

Lemma1 [39] Let E = (E',E,) C R;{’A_ be any measurable set, E, C (0, 00),
E=E\x---xE,_1CR" Vandy e R} . Then

/ TYg()() dy = Ay / ~8 (Z/’ Vet Zﬁ+l> Zr}l/;lldzld@ - dzndzpt
E @,0)+E

holds, where E=E x (—£,¢) x[0,¢), and £ = sup E,.

Lemma2 [39] Ler E C R} | be any measurable set and y € R} . Then,

t
sup /E TN dy = A, /0 @, 2.6)

|El,=t
holds.

The variable Lorentz space Lp(.)q(), (R} ;) is the space of whole measurable

1 .
functions f on RZ’Jr such that 7™ ¢® f;‘(t) € Ly1(0,00),1ie,

3 TS (e
Ipra(-)(f) = A tr O] fr )] dt < oo,
and with finite norm

1AL g0 @y = inf {0 >0 Jpeqe (/) < 1}

1 1
O qn £*
{700 £ (1)

9
Lg(1(0,00)

where p(-), g(-) € Po(0,00) [10]. If p(-) = g¢q(-), then it is easy to see that
Ly, py,y = Lp(),y [16, Theorem 3.2].
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The local variable Morrey space is the space of whole measurable functions such
that

I Lay 500,000 = = sup p e 1AL, 0.0

p>0
p(x)
p X
= sup inf u>0:/ f(x) dx <1} < o0,
p>0 0 L PPY

andisdenotedby LM () 5 = LM () 2(0,00),wherel < p_ < p; < 00,1 €[0, 1),
P(p) = p(0) for p € (0, 1) and p(p) = p(co) for p > 1.
Now, we will introduce the B-local variable Morrey-Lorentz space
Mloc (R )
PO (). yin k4 .
The B- local variable Morrey-Lorentz space is the space of whole measurable func-

tions such that

1

1
P09 £*
i 130

A
(Rﬁ +) = sup p q(p)

loc < )
”f”'MpUq()V A >0 Lg((0,0)
and is denoted by J\/ll"c) dOyih = M?ﬁ),q(-),y;x(RZ,+)’ where 0 < p_ < p4 < 00,

l <g- <g4+ <ooand A € [0, 1). These spaces generalize variable Lorentz spaces

such that ./\/lllff) 4Oy A(RZ’JF) = LP(.),q(.),y(Rﬁﬁ) when A = 0 [13]. Also, if A =0
and p(-) = ¢q(-), then ./\/llpf(c,) a0) y‘O(RZ,+) = Lp(.),y(RZ’Jr) are variable Lebesgue

spaces [40].

Definition 1 [11, 13] The weighted Hardy operators H‘3 O and Hf(()) with power
weights acting on i are defined as

t
Hﬁ()w(t) _ BO+u()—1 Y (y) v,
0 y”(y)

and

o0
B __BO+v() Y (y)
HV(.) Y) =t ; yv(y)—H Y,

where S(¢) and v(¢) are measurable functions on (0, o).

.
In the following lemma, one can find minimal conditions on 7@ in order that
“nice” functions are contained in so-defined spaces.

Lemma3 [I8] Let 1 < p_ < p+ < o0, p € Py(0,00) and A € [0, 1). If

1 A
sup[min{1, ¢}]7@ ¢~ 70 < oo, 2.7
t>0

then any bounded function f with compact support belongs to LM p(.),5(0, 00).
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Lemma4 [18] Let 1 < p_ < py < 00, p € Po.0o(0,00), A € [0, 1), lim, o0 tA®
exist and is finite and also satisfies (2.7). Assume that the following holds:

A

o tFPOHVO=a gng 150 "D gre almost decreasing for some a € R in case of
Hﬁ(-)

UON X

o tPOOFb gyg 150 O gre almost increasing for some b € R in case of
Hﬁ(-)

ON

Then

A 1
"O=<soTre PP 50 T peo

are sufficient for Hf((f)) and Hf(()) to be defined on the space LM (. ;.(0, 00), respec-
tively.

The following Hardy inequalities are required for the proofs of our main theorems.

Proposition 1 [18] Let 1 < p_ < py < 00, p(-) € Po,00(0, 00), A € [0, 1). Suppose
that (2.7) and Lemma 4 are satisfied. Then Hf(%) and ’H’f(()) are bounded in the space
LMp(),5(0,00) ifv(t) < % + ﬁ, v(t) > % — %, respectively.

Proposition2 [18] Let 1 < p— < py < 00, p(-), € Pp.00(0,00), A € [0, 1). Sup-
pose that (2.7) and Lemma 3 are satisfied. Then Hf(g) and Hf(()) are bounded from
LM p(,1(0,00) 10 LMy(),1.(0,00) if v(1) < 55 + 373, V(1) >

. YHOL respec-
tively.

/S
p@)  p@y

3 Boundedness of the B-maximal operator in B-local variable
Morrey-Lorentz spaces

In this section, we study the boundedness of B-maximal operator in B-local variable
Morrey-Lorentz spaces. Firstly, we recall the sharp rearrangement inequality for the
B-maximal operator.

Lemma 5 [39] Sharp rearrangement inequality is given by
My )51 < A f;5(0), t>0, (3.1)

for B-maximal operator, where A = A(n, y) > 0 is a constant.

Theorem 1 Let p(-), q(-) € Pp.0o(0,00), 1 < p_ < py <00, 1 < g_ < g4 < 00,
re[0,1)and f € Mi;’f.)’q(_)’y;k(RZ’+). Assume that the assumptions of Lemma 4

. . . 1 Y
and (2.7) are satisfied. Then M,, is bounded in M;(C.),q(-),y;x(Rl:,Q-
Proof Let p(-),q(-) € Po,c(0,00), 1 < p— < py < 00,1 < g- < g4 < 00,

rel0, D), fe ./\/lll‘,’(?) a0 J/_A(RZ,JF) and satifies (2.7). From the definitions of space
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Ml;)((:-),q(-),y;k(RZ,—i-)’ average function of £ and (3.1), we obtain

A 1
M loc oy =supp 40 ||fpO a®
1My fllpgoe @) p}(’)ﬂ Lo
< Asupp ~7m zp(r> ~7 f** (1)
0>0 Lg()(0,p)
s [t [ e
= q 1 (@)
Asupp 7@ |[tp® " q [ (dr
p=0 0 Lg((0.p)

LetB(t) =0,v(t) = (t) q(t) and Y (t) = tP<f) q<f> f*(t) Then, by using the Hardy
inequality in Propos1t1on 1 and the definition of space LMq() 2(0, 00), we have

A T
1My f | 1o < Asupp 7@ |[¢"® wv((t))
oAy p>0 ot Lg(»(0,p)
A
= Asupp 7@ ‘Hﬂ([) H
p=>0 v() Ly»(0,p)
=a |l
vV LM, 1 (0,00)
<A ”‘ﬂ”LMq(M(O 0)
— A,s)il())p q(p) ||1p||Lq()(0 )
Asup o™ T 17070 £2(r)
= supp tr®  q t‘
p>0 v Lg»(0,p)
—_ A loc
L F 1l g0 o o
Hence, the desired result is obtained. O

4 Boundedness of the B-singular integral operator in B-local variable
Morrey-Lorentz spaces

This section is devoted the boundedness of B-singular integral operator in B-local
variable Morrey-Lorentz spaces. Firstly, we will give two theorems which state O’ Neil

type inequality for B-convolution operator and a pointwise rearrangement estimate of
generalized B-potential integral, respectively.

Theorem 2 [41] Let f, g be positive measurable functions defined on RZ, 4 Then,

t o0
(f ®8); (1) < Ay < ;"*(t)/0 8y (u)du +/ f;(u)gj*(u)du) :
t
holds for all t > 0.
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Theorem3 [41]If K, € WLQ/(Q—a),y(RZ,Jr)’ 0<a< Q, then
t o0
(Ka ® 8)5(1) < (Ko ® )37 (1) < A (t“/Q—l / f3(dr + / r“/Q—lf;(wdr),
0 t

where A = A, (Q/a)*|| Ky WL/ wy ®] )

Since Ty, f (x) is of convolution type and by Theorem 3, one can write

t o0
(Ty F)50) < (Ty f ) (0) < A(r—l fo frdr + / r—lf;‘u)dr).
t
“.1)

We are ready to show the M °°) 4Oy 5 (RY_)-boundedness of Ty,

Theorem 4 Let p(-), q(-) € Ppoc(0,00), 1 < p_ < py < w < g— < gy <0
Aef0,1)and f € Ml;g) a0) y-x(Rz,+)' Assume that the assumpttons of Lemma 4
and (2.7) are satisfied. Then T,, is bounded in Mt OC) 4Oy A(Rk 4

Proof Let p(),q(-) € Po,0o(0,00), 1 < p— < py < @ 1 <g_ <g4 < o0,

Aef0,1)and f € leg’(c) a0) y'A(RZ,—i-)' We begin with the definition of the norm in

the space M 5, (RE ), which is given by

JAON/ION%:

1 1
Ty 1l pgroc 70 a0 (T, f)), (1)

P().q().y:x

A

= n)

R" =Ssupp ¢ .
( k‘+) p=0 Lq(A)(O,p)

By substituting the estimate (4.1) into the above norm, we obtain

Ty Sl pqroc

p0.a0.70 B 1)
Y S | I SR 1 ! o 1
<Asupp @@ |[tp®O a0 (¢~ / f;‘(r)dr +[ T~ f;‘(t)dr
p>0 0 t Lg)(0,p)
P N A T NI L
<A supp 9@ |tr® q® fy (v)drt
>0 0 Lg()(0,p)
SRS | S WV S
+Asupp @@ |¢tPO 90O / - f;‘ (t)dt
p>0 t Lgy»(0,0)
=L+ 1.

I can easily be obtained with the use of same method as in the proof of Theorem 1,
i.e.,

L <A
! ”f”Ml()q()Vk(Rk +)
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For I, choosing B(¢) = 0,v(t) = andy (t) = tP<f) q<f> f*(t) in Proposition

1 _
p() q(t)

1, we get
S S —1 %
L =supp 70 |[tp® 4@ T f,(D)dt
p>0 4 Ly((0,p)
_ Yz
=supp @» oo ﬁf)il dt
p>0 T Lg(»(0,0)
A
— =t )
=Asupp 7 ‘Hﬂ H
p>0 0V Lg)©.p)
= A [l
o ¥ LMy (0,00)
=< A ||1//||LMq();L(0 o0)
= Asupp G 11l L, 0.0)
p>0
Asup o~ 7 v%f*()\ = Allfll
— su q(p tp q(t t = oc n .
P>I())p v Ly (0,p) My )
Hence, the desired result is obtained. -

5 Boundedness of the B-Riesz potential in B-local variable
Morrey-Lorentz spaces

This section is devoted to the (./\/lloc) rOp A(Rk s M! OC) SOy A(Rk +)> bounded-

ness of B-Riesz potential.
Firstly, we recall the following inequality, for B-Riesz potential,

(S )5 < (T2 F)5 () §A< *‘1/ £ (r)dr+/ ol (r)dr), 5.1)

n—k k F (yl+1)
2 2
where A = Ay,k(Q/a)zw(n, k, y)(Q_"‘)/Q and w(n, k,y) = il l_[ :

[42].

Theorem 5 Let p(-), q(-), r(:), s(-) € Po.x(0, 00) satisfying (2.2), » € [0, 1) and
| e Mp(c) r().v: » Ry L. Suppose also that the assumptions of Lemma 4 and (2.7)
-1
@) A 1 1 _ 1 1
are satisfied. If 575 < p(t) < (m—k%)  RTo] _)‘<r(_t)_s(_z)) + %
the B-Riesz potential I“ is bounded from /\/l,?() Oy A(]Rk o Mq"() s )’y;A(RZ’+)_
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Proof From the definition of /\/llqo(c_)’s(_)’ ,: 5, (RE ) and (5.1), we get

10‘ C n
i1y f”M}f(-),s(-),y;x(Rk,Q
.S S I
=supp @ |ta@ 50 (¥ f)* (t)‘
>0 VL0 0.0
_ B
< supp HON FXION0] (Iaf)**(l‘)‘
p>0 e Ly(y(0.p)
VS | I B a 1 . o0 « o
< Asupp @ |ta® 50 (19 fy (t)dt + % fy (t)de

p>0 LX(.)(O,,O)

< Asupp Y(p)
p>0

R CRS-R / £t

Ly((0,0)
1

IW_W - T%_lf*(l’)d‘l:
; %

+Asupp @
p>0

=J1+ /5.

Ly((0,p)

1 1 11
Bytakingintoaccountv(f) = — ———and ¢ (t) = 7O © f;‘ (t),wehave B(t) =

p@) r()
1 1 1 1 s _ 1 1
m ) + r(_t) — m + %. By PrOpOSltlon 2, we get,ﬁ(t) = (l —)\.) (m — m),
then we find p(t) — L) = A (% s(t)) + & o Hence Hﬁ() is bounded from

1

LM, (0, 00) to LM, (0, 0o) under the condition v(t) = p(t) —70 < m‘i‘r?_z)’

From Proposition 2, we obtain

SR I A
Ji=supp 0 a0 50O f;‘(r)dr
>0 0 Lsy(0,0)
t
— sup p T || FO+HVO-1 o
=0 o 'L 0.
A
— | B0
=supp P |H . 1/f‘
>0 vO Tl L.

_H gt H
o ¥ LM,(.5(0,00)

S A ||¢||LM,(4),A(0,00)
J S
= At?0 7O O LM, 0,00

ko
=Asupp @
p>0

= Al pgroe

1 1
00 f£*
iAo 3b g300)

Lr()(0,p)

POy R )
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1 1
Now, we estimate J>. By taking into account v(f) = —— — —— — hd and
1 p(y r(n Q
Y1) = (7070 f2(1) € Loy (0, 00), we get (1) = oo — b ol — Loy

1
T T

A (% — S(l—[)> + i . Hence Hf(()) is bounded from LM, ; (0, 00) to LMj.) 3 (0, 00)

1 -1 1 _« i
under the condltlon r(t) — 7 < v(t) = 20 "0~ O Then, we obtain

By Proposition 2, we find () = (1 — 1) (r(l—l) s(t)) then we get p(t)

S WS Y (I
Jry=supp 0 [ta® 50 f 79 f;(r)d‘f
p>0 ! Lsy(0,p)
BC)
=supp ?(/’) ‘H H
0>I()) ve ) Ly(»(0,p)

_H HPO H
l)() LMA-(_),)L(O,OO)

< AV ILM, ) .0.00)

A 1 1
= Asup p™ 7 170770 f1(r)|
p>0 v Lr(»(0.p)
—_ A ocC
||f||,/v1' ey.r ()yx(Rk+)
This completes the proof. O

6 Some Applications

Theorems 4 and 5 can be applied to various operators which are estimated from above
by T}, and IJ‘/" . Here, we apply these theorems to the Riesz-Bessel transform of high
order and B-fractional maximal operator.

A special case of B-singular integral operators is Riesz-Bessel transform of high
order. First, let us recall its definition:

R 10 = A po (S @ 1) |0

P,
= p A / R ’I,ff; [T £ (0] ) dy

I (Q/2
rk2)-

P (y) = Pk(ylz, ey yk, YVk+1, - - -» Yn) 1S @ homogeneous polynomial of order k,

where A, k—2Q/2 ,k=1,2,...n. Note that
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Ap P, = 0 and satisfying the following conditions:

/ Pi(§)(ENdE =0 and  sup |Pr(§)| =M < oo. (6.1)
Sk.+ £eS,

Here the characteristic Px(§) € Sk 4+, and & = |y_| We denote by K (y) = %,
y

Or(y) =Ayk IT’;(‘;{V) the kernel of Riesz-Bessel transforms of high order [43, 44].
Now, we can give the following result as consequence of our main theorem.

Corollary 1 Let 1 < p_ < py < @, 1 <g- <qgy <0 p(-),q(-) € Po.oc(0, 00),
Aef0,1)and f € /\/lg’(?) a0) y'A(RZ,+)' Assume that the assumptions of Lemma 4

and (2.7) are satisfied. Then RJ(,k) is bounded in
loc n
Mp(-),q(-),y;k(Rk,Jr)'

The B-fractional maximal operator is defined as

My f(x) = su]ng+(0, r)Iyg_I/ T f )N dy, 0<a<Q.

B4 (0.r)

One can easily observe that M)(,) f = M, f for o = 0 [45]. Also, the B-fractional
maximal operator is closely associated with the B-Riesz potential such that

M%< AT 6.2)

Therefore, the next corollary follows immediately.

Corollary 2 Let p(-), q(-), r(-), s(-) € Po.x0(0, 00) satisfying (2.2), » € [0, 1) and
f e Ml;f,)’r(.)’y;)h(RZ&). Suppose also that the assumptions of Lemma 4 and (2.7)

-1
. @) A 1 1 _ 1 1
are satisfied. If 575 < p(t) < (m + %) TR (r(_t) - S(_t)) + %

. 1 1
then M)‘f is bounded from M[?(C_)’r(l),y;k(RZ’Jr) to ./\/lqo(cl)’s(l)’y;)\(RZ
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