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ABSTRACT. The paper deals with the nonoscillatory solutions of arbitrary noninteger-order neutral
equations with distributed delays. Through the use of the LED (Liouville Fractional Derivative) of order
a > 0 on the half-axis and BCP (Banach Contraction Principle), we are able to get the nonoscillation
criteria. The obtained results are emphasized with some appropriate examples.
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1. Introduction

Consider the following fractional neutral equations with distributed delays

b d
o7 [w(r®) + [ att.0)ue ~0)d0)] + [ 016 OFi (vt~ €))de
y ¢ ; (1.1)

~ [ patt. ) Falutt ~ ) = hit
for t > tg, where b > a > 0,d > ¢ >0, f > e > 0 and Dy is the LFD of order &« > 0 on the
half-axis.
Further we assume that (|1.1]) satisfies the conditions:
(1) r € C([to,00),Ry), g € C([to, ) X [a,b],R), h € C([ty, ), R), p1 € C([to, ) X [¢,d], [0, 0)),
P2 € C([tfb OO) X [6, f}, [03 OO))a
(2) ¥(u) is a continuously increasing real function with respect to u defined on R and ¥~ (u)
satisfies the local Lipschitz condition with Lipschitz constant K, i.e.,

(W (ur) = O (ug)| < K fur — ua.

(3) Fi: R — R and F2: R — R are locally Lipschitz continuous functions; sFi(s) > 0 and
sFa(s) >0 for s # 0.
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The continuous function y: [t} — m,00) — R is said to be a solution of equation (L.1) if it
satisfies equation (1.1)) for ¢ > ¢, and that

b

!/

o7 [w (st + [ a(t.0) ot - 0)a5)]
exists on [t1,00), where m = max{b,d, f}. A nontrivial solution y of (1.1} is oscillatory if there
exist a sequence {v,} of real numbers such that y(v,) = 0 with ILm v, = oo; otherwise it is

nonoscillatory. Equation is said to be oscillatory provided all solutions of it are oscillatory.

Over last two decades, qualitative behavior of different classes of integer and/or fractional
differential equations (FDEs) became very popular, see [1L[10L/12}[13}[17,/18,21}[31}/36]. In particular,
oscillation theory in FDEs started by Grace et al. [15], and then many researchers have established
oscillation results for FDEs; see, for instance, [3}/4},/13}31,32] and the recent review paper [2].

The literature on neutral delay differential equations has expanded rapidly in recent years. It is
a field with fascinating applications to real-world problems. The study of neutral delay differential
equations is of great importance from both theoretical and practical perspectives, as they have a
wide range of applications across various fields. For instance, neutral delay differential equations
are used in modeling lossless transmission line networks, studying vibrating masses on elastic bars,
solving variational problems, and neuromechanical systems in which inertia plays a crucial role
[54/191/20].

The theory of differential equations is significantly influenced by the concept of nonoscillation.
The rationale for this is that the behavior of the solution(s) of an oscillatory equation is entirely
obvious; that is, the solutions have infinite zeros. Nevertheless, the equation’s nonoscillatory
character raises a multitude of additional inquiries, including the sign attitude (positive, negative,
ultimately positive, or negative), stability, asymptotic stability, and a variety of other behaviors
of the solutions. This results in an increased level of interest in the examination of the solution
character.

The existence of nonoscillatory solutions for neutral differential equations with positive and
negative coefficients has been the subject of numerous research endeavors thus far. In 2005, Zhang
et al. [33] investigated the existence of nonoscillatory solutions of the first-order linear neutral delay
differential equations of the form

% {:c(t) + P(t)x(t — T)] +Q1(t)z(t — 1) — Q2(t)z(t — 02) = 0.

In 2012, Candan [7] examined the higher-order nonlinear differential equations of the form

[FOl(t) + POt - D] + (<17 [Qu0)ar @t~ 1) ~ Qolt)galalt — ) — £(8)] =0.

In 2013, Candan [8] studied the existence of nonoscillatory solutions for the system of higher-
order nonlinear neutral differential equations of the form

[x(t) + P(t)x(t — 9)] ™ Ly [Ql(t)x(t — 1) — Qa(t)x(t — 02)} —o0.

In 2013, Liu et al. |[25] have obtained the existence of nonoscillatory solutions for the system of
higher-order neutral differential equations of the form

’ d f
[r(t)[x(t) + P(t)x(t — 9)}“%1)} + (4)"( / Q1 (t, 7)x(t — 7)dr — / Qs (t, o)x(t — 0)d0) ~0.

From the literature above, one can observe that the delay term appeared in the neutral part of
the most of the differential equations were all constant delays. Due to the challenges in analysis,
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there are few papers addressing the existence of nonoscillatory solutions for differential equations
with distributed delays.
In 2013, Candan [9] studied the existence of nonoscillatory solutions of the first-order nonlinear
neutral differential equation with distributed deviating arguments of the form
b

[h@)/&ﬂa@xasmﬂ”

a

! d
+ / Qa(t,€) Gla(t — €))de = 0.

However, the discussion only covered the condition for the coefficient to be
b

0</mw®%<L
In 2015, Candan and Gecgel |11] investigated the system of higher-order neutral differential
equations with distributed delay of the form
b3 (n) b1 ba
w0+ [ g ste-oa] + (10| [ @it ste- e - [@ate.6) ate -] o,
as al az

under the conditions

bs b3
0</?@@@<% and f%</ﬁ@9%<u

In 2017, Liu et al. [26] established some sufficient conditions for the existence of nonoscillatory
solutions of the system of higher-order neutral differential equations with distributed coefficients
and delays

b

(n)
{r(t)x(t) + /p(t,&) x(t — G)dQ} + (=1t [Ql(t) x(t—7) — Qa2(t) x(t — o) — h(t)| =0,

a

b

under the conditions that the coefficient [ p(¢,0)dd in the neutral part was discussed in four
a

circumstances, namely, (—oo, —1), (—1,0], [0,1), (1,+00).

Despite this, there have been relatively few papers on nonoscillation of noninteger-order neutral
equations, see for instance, references [16}27}|291/30L/34,/35]. It is therefore a fascinating area of
research to find out if there are nonoscillatory solutions. The idea of this work comes from reading
[35], in which the authors looked at the nonoscillation of the fractional order neutral equations of
the form

m
Dy [x(t) + gzt = 7)) + Y Q;(1)G;(x(t — 7)) = 0, (1.2)
j=1
where the neutral coefficient ¢ € R — {£1}.

Compared to discrete delay equations, there is no doubt that FDEs with distributed delay
equations are more intricate, precise, and challenging to solve; see for instance [241|26,/28]. Apart
from that, differential equations with forces idealized by nonlocal and/or taxis-driven factors are
used to define several science and engineering problems, particularly in mathematical biology and
physics, for which integro-differential FDEs are highly helpful in modeling. [6,/1412223]. To the
best of our knowledge, there is limited research on the topic of nonoscillaton criterion of FDEs
with distributed delays.
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For the completeness of the paper, we recall some known basic definitions.

DEFINITION 1 (LFI [18]). Let « € [0,00). Then LFI (Liouville Fractional Integral) on the half-axis
is defined as

1 oo
D;oG(t) = —— [(s—t)*! f R.
;4G(t) (o) /(s )7 G(s)ds orte
t
DEFINITION 2 (LFD |18]). Let a € (0,00). Then LFD on the half-axis is defined as

DEO1) = oy () g ([ (=070 0)as)

t

for t € R, where n = [a] + 1 and [o] is the integer part of a.
When o =n € N, DPG(t) = (—1)"G"™ (t) and that D (D; *G(t)) = G(t) is satisfied.

LEMMA 1.1 (BCP [1]). A contraction mapping on a complete metric space has exactly one fized
point.

2. Main results

In this section, we give some criteria related with the nonoscillation of equation (L.1) under
various ranges of
b

/q(t, 0)dé.

a

Let the set ® be defined as

@ = {p:peClty,0), ||l <oo},  where |¢] := Sup lp(t)].
Zto

Then, @ is, in fact, a Banach space.
For our convenience, pick

d f
Pi(s) = / pi(s, A and  Pols) = / pa (s )y
THEOREM 2.1. Let
b
og/q@,e)degqla

and 1 <r(t) <1/q1. Assume that

/sah(s)ds < oo and /saﬂ-(s)ds < o0, i=1,2. (2.1)
to to

Then equation (L.1)) has a nonoscillatory solution which is bounded.
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Proof. Due to (2.1), we find a t; > tg + m large enough such that

Do+ 1) [(s =007 [0 Pi(s) + h(s)[|ds < w(Ca) — W) t>h (22)

I (a+1) 7(3 = 1) 2 Pals) + [h(s)]| ds < W) — @ (0Ca + @), t>t;  (2.3)
/ q1

(o + 1) /(s )% (Pi(s) + Pals)) ds < 12;(%1, P>t (24)

where C1, Co are two positive constants such that ¢;Co + % <n < Cy L =max{Ly,La}; L1 and
Lo are the Lipschitz constants for the functions F; and F» on [Cy, Ca], respectively, and

i: ':172.
Y= max {(Fily)}, i

Now, we define the set
By={ye®: C; <y(t) <Cy, t >t1}
which is closed and bounded. Therefore, B is complete. Next, we define an operator G: By — ®
as
b

r—l@{ - [ att. 0yt~ 8)as

a
%) d

(Gy)(t) = - \1/—1[\1/(77) +T Yo+ 1)/(5 —t)a</p1(8,§).7:1(y(s—§))d§ (2.5)

t
!

N p2<s,u>f2<y<s—u))du—h(s))ds}}, "

(Gy)(t1),  to<t<ty.

Meanwhile, prominently, equation (|1.1)) has a nonoscillatory solution provided that G has a fixed
point in ®. Lemma [[.1] needs to be proven in three substeps.

Step 1: G is continuous. It is not difficult to show that Gy is continuous.
Step 2: G(By) C By. For every y € By and using ([2.2)) for ¢t > ¢, we have

d

(5= 0°( [ mats. 070t - 9)ae ~ n(e))as] |

C

d
(s —1)" (71 /p1(3,§)d§ + |h(s)|>ds} }

C

(Gy)(t) < rl(t){\Ill {\Il(n) +T a+1)

\8 ”\8

gr*(t){\lf—l[w )+ TN a+1)

S‘If*l[\lf( )+ T Ha+1) 73—15 'yl Pl(s)+|h(s)|)ds}

< (.
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Further, using (2.3)) in (2.5)) for ¢t > ¢;, we obtain

b

(@y)(1) > r1<t>{ [att0yute— oy

oo !

+ o () + T o+ 1) / (s =) (- / pals 1) Faly(s — )du — h(s) ) ds] }

t

which implies that

oo f
<Gy><t>zr1<t>{—qlcg+w o)~ o+ 1) / (5= 0" (e [ palos s+ (o) as] |

>q1{ 0+ 07 [U(n) T+ ) [ (5= 0% (22 Pals) +[h(s)] ) }}

t
> Cy.

Thus, G(B1) C Bs.

Step 8 G is a contraction mapping on By. Let y1,y> € B;. Then we have

|Gy ®) = (G)0)

b
< r*l(t)/q(t, 0)’y1(t —0) —ylt — 9)’d9

00 d

+ K )1 a+1/e 0 (/p OFi(3n(s — ) /f2<s,u>f2<y1<s—u>>du}

d

_ {/p (5,6)F1(y2(s — &))d¢ — /p2 8, 1) Fa(y2(s — u))dMDds

for t > tq, i.e.,

(Gy) (1) — (Gya) (1)

b
<) [ . 0)n(t —0) - alt — )]0

o 7 ( / (5, )|Fi (s — €) = Falanls — ©))|a

\x

2(5,10)| Pl (s — 1) fz(yz(su»\du)ds
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b
< 1) /q(t, 0)|ys (1 — 0) — ol — )]0

a

[e'S) d

+KLr—1(t)F—1(a+1)/(s—t) (/pl ‘yl s = &) —y2(s — §)|d¢

f
+/p2(s7u) ‘m(s—u) —yz(S—u)’du)ds.

e

Upon using (2.4)) in the preceding inequality, we get

KL |
_ < _ _
(@)@ = (Go2)(0)] < llys — el {q1+ oy [ 0[P+ Pae)]a }
t
1+gq
< (55 I el
Thus,
[Gyr — Gya|| < Cllyr — w2l for every yi,y2 € By,

Since C = (14 ¢1)/2 < 1, then G is a contraction on B;. Thus, G(y) = ¥y, which is indeed a
nonoscillatory solution of (1.1f). Further, the boundedness of § comes from the definition of G,
because the range of G is . O
THEOREM 2.2. Let 2q3 < r(t) < 2q¢q,
b
I<gs < /q(t,@)da < g2 < 2¢3 < 00,

and (2.1) be satisfied. Then equation (1.1) has a nonoscillatory solution which is bounded.
Proof. Due to (2.1), we find a ¢t; > ¢y + m large enough such that

P+ 1) / (5= 0% (31 Pu(s) + h(s)])ds < W(20sC.) — W), >t (26)
(a+1) / (s — ) 72 Pals) + |h(s)\)ds <W(n) — qf(qzc4 + 2q2C3>, t>t; (2.7)
o+ 1) /(s — ) [”Pl(s) + ”Pg(s)}ds < QQ;’K_LQQ, t>t,  (2.8)

t
where C3 and C4 are two positive constants such that

q2C4 + 2q2C3 < m < 2¢3C4,

L = max{Ly,Ly}; L1 and Lo are Lipschitz constants of the functions F; and Fy on [Cs,C4],
respectively, and

P = —F’L 5 ) = ].7 2.
7 Z/EI[ré?,}éﬂ{ (y)} !

Now, define the set
Bgz{yeq): C3§y(t)§C4, t2t1}
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which is closed and bounded. Therefore, Bs is complete. Next, we define the operator G: By — ®
as in (2.5). The remaining part of the proof is similar to that of Theorem therefore it is
omitted. Thus the proof of Theorem [2.2]is complete. O

THEOREM 2.3. Let 1 < r(t) < —1/qq,

b
—l<qs < /q(t,@)dG <0,

a

and (2.1) be satisfied. Then equation (1.1 has a nonoscillatory solution which is bounded.

Proof. Due to (2.1), we find a t; > tg + m large enough satisfying

a+178—t (nPi(s) + hs) ) ds < (14 aa)Co) = W), 12t (29)

P a+1) [ (s = ) (12 Pa(s) + h(s)])ds < () ¥ ( — @), t>t;  (210)

1+qq
2KL’

I a+1) [(s—t)e [Pl(s) + Pg(s)}ds < t>t,  (2.11)

”‘\8 ”\8

where C; and Cg are two positive constants such that
Cs
—— < n < (14 q4)Cs,
q4

L = max{Ly,Ls}; Ly and L; are Lipschitz constants of the functions F; and F» on [Cs,Cgl,
respectively, and

P = —F’L 5 = ].7 2.
2! yer[ré?éd{ (v)} i

Now, define the set
B3:{ye<1>: C5§y(t)§66, t2t1}
which is closed and bounded. Therefore, B3 is complete.

Next, we define the operator G: Bs — ® as in (2.5). As a first step in applying Lemma[I.1] we
need to separate our proofs into three components:

Step 1: G is continuous. It is not difficult to show that Gy is continuous.

Step 2: G(B3) C Bs. Let y € Bs. Using (2.9) we deduce that
b

(@y)(t) < r—1<t>{ - [ attonte —o)as

a
d

+\If—1[\p( )+ T a+1) 73—15 (/pl(s,g)fl(y(s—g))dg—h(s))ds}}

< rl(t){ — uCe + 0! [\1/(77) Ya+1 7 (s — ) / 1 (s, €)dE + |h(s))ds}}

c
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o0

<o+ U W) + T @+ D) [ (5= 0 (0 Pr(s) + (o))
<Cs

for t > t1. Further using (2.10), (2.5) turns
) !

G0 = O e + T e+ 1) [ -0 (= [ pals.n)Falyls = )~ b)) s}

) f
> r*(t){w (v -1 @+ 1) [t5 =07 (52 [ pato. i+ h(s)i)ds}}

oo

> —q4{\1'1 [w(m) -1 a+1) /(s = 1) (72 Pals) + h(s)|)ds}}
> C;.

Thus, G(Bs) C Bs.

Step 3: G is a contraction mapping on Bs. Let y1,y2 € Bs. Then we have

|Gy (®) = (Gy)0)

<=r710) [ a(t. )t - 0) ~ vale - )]0

!

d
et ) [ = 0% ([ [ m 9700 = 9e = [ o) Faons -

t

o0

r(t)
d

f
- {/pl(svf)fl(yz(s —§))d¢ — /p2(87,u)]:2(y2(8 — ,u))duDds

for ¢ > t1, which yields

(Gy)(t) = (Gy) ()]
b

<=r10) [ a(t.0)n (e~ )~ vale - )]0
0o d
+ Kr ') Ha+1) /(s — t)a(/pl(s,f)‘]:l(yl(s — &) — Fi(ya(s — &£))|d¢

+ /Pz(S,M)‘fz(yl(s — ) — Fa(ya(s — u))‘d,u> ds
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b
< —r*l(t)/Q(tﬂ)‘yl(t—@) ~ (e = 0)|a0

a

9] d

+KLr_1(t)F_1(a+1)/(s—t)a(/101(8,5) \yl(s—ﬁ) —y2(s = §)|d¢

t c

[ patoun) (s = 10 = vals = ) as.
e
Upon using (2.11)) in the preceding inequality, we get

oo

(Gue) = (C)0)] < =l — s+ s [0 (P )JrPg(s))ds}

t
1—q
<[ —— — .
_( B )Hyl y2||

|Gy — Gyl < Cllyr — vzl for every yi1, y2 € Bs.
Since C = (1 — ¢q4)/2 < 1, then G is a contraction on Bs. Thus, G(§) = g, which is indeed a
nonoscillatory solution of . Further, the boundedness of § comes from the definition of G,
because the range of G is . O

Thus,

THEOREM 2.4. Let —2¢5 < r(t) < —2¢s,
b
00205 < a0 < [ q(t.0)d0 < g5 < 1.
a

and (2.1) be satisfied. Then equation (1.1 has a nonoscillatory solution which is bounded.
Proof. Due to (2.1), we find a t; > to + m large enough such that

(oo}

].—‘71(0[ + 1) /(S = t)a("}/l Pl(S) + |h($)‘)d$ < \11(72(]56’8 + %Cs) — \11(77), t Z tl; (212)

I(a+1) /(s u t)a(y2 Pals) + |h(s)\)ds < W(n) — \11( - 2q6C7), t>t: (2.13)
I a+1) /(s . t)“(Pl(s) + Pg(S))ds < %2;{2;5, t>t,  (2.14)

t
where Cr,Cg are two positive constants such that

—2¢6C7 <1 < (—2¢5 + ¢6)Cs;
L =max{Lq, Lo}; Ly and Lo are Lipschitz constants of F; and F3 on [C7,Cg], respectively, and

v; = max {.7-'()} 1=1,2.
y€[C7,Cs]

Next, define the set
By={ye®: Cr<y(t) <Cs, t >t1}
which is closed and bounded. Therefore, B, is complete.
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Next, we define the operator G: By — ® as in (2.5). The remaining part of the proof is similar
to that of Theorem therefore it is omitted. Thus the proof of Theorem [2.4]is complete. O

3. Examples

In this section, we give some examples to demonstrate the utility of our main results.

Example 1. Consider

T 2
D} [y(t) + /e*(t+9)y(t*9)d9}/+/\/Ee*(ﬁh@yg(t*f)df
/2 1

3
*/e’(ﬁ“@y(t — p)dp = e~V
2

for t > tg = 4. Here, a = 1/2, U(u) =u, r(t) =1, a=7/2, b=, q(t,0) = e+ =1 d =2,
Filu) =u?, e =2, f =3, Fa(u) = u, h(t) = e"V2, and that

pi(t,€) = /e (VIHVO and  po(t,u) = e (VIHVD),

By choosing ¢; = 1/4, one can observe that
b
0< [alt0)s <o < 1.
a

From ({2.1)), we get

/50‘771 (s)ds = /31/2 (106_\/5_1 — (25/2 + 8)6_\5_\/5)(18 < 00,

to

o0
/ sYPs(s /51/2 23/2 + 2)e"/§’ﬂ —(2V3+ 2)e*‘/g*‘/§)ds < 00,
1

to
o0

/so‘h(s)ds = /31/267@(&5 < 00.
to 4
Thus, equation (3.1) has a nonoscillatory solution which is bounded via Theorem
Example 2. Consider
) 3 /2 I 3
R | Y R
" (3.2)

; e (tﬂt) 1
/ —pdu=
2
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for t > to = 5. Here, « = 3/2, V(u) = u/2, r(t) =1+et a=mb=3n/2,c=1,d = 3,
Fi(u) = Fo(u) =ud, e =2, f =4, h(t) =73, and that

1
q(t,0) = —ie_(“‘g), p1(t,€) = Ve () and pa(t,p) =t~/ 2e= (1),

By choosing g4 = —1/2, one can observe that
b
—1<q < /q(t,@)d@ <o0.

From (2.1)), we get

Thus, equation (3.2)) has a nonoscillatory solution which is bounded via Theorem [2.3

4. Conclusion

We investigated the existence of nonoscillatory solutions of (1.1]) under LED (Liouville Fractional
Derivative) of order o > 0 on the half-axis. We obtained some sufficient conditions for the existence

b
of nonoscillatory solutions under different ranges of the neutral coefficient f q(t,0)dé through

a
Banach contraction principle. The obtained results are validated through some examples. Further,
under the restrictions given in Examples|l|and [2] the results obtained in the papers [9}[1125]26/2§]
do not work. This shows that our results are new.

Acknowledgement. The authors sincerely thank the editor and anonymous referees for their
careful reading, constructive comments, and valuable suggestions, which have helped to improve
the article.
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