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ABSTRACT

In this study, we carried out the analysis of the resolution time of Josephson junction (JJ) balanced comparators with anharmonic current-
phase relation (CPR). An expression for the time resolution was obtained in the case of linearly growing strobe current pulse driven via the
junction. It is shown that the resolution time of balanced comparators is improved by the renormalized critical current of JJ with anhar-

monic CPR.
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1. INTRODUCTION

The high nonlinearity of the current-voltage characteristic of
Josephson junctions (JJs) makes them promising for superconduct-
ing electronics.”” Super-high-speed switches have been built with
complex distributed JJs and interferometers, where switching is
induced by suppressing the critical current of the system.’
Switching cells on JJs can be viewed as building blocks for different
superconducting devices. Josephson comparators are the main
structural elements of modern superconducting electronics.*™ First
Josephson comparators were based on two tunnel junctions with
different critical currents. One of the junctions acted as a generator
of short strobe pulses, while the other acted as a comparator.”
However, thermal and technological fluctuations in the comparator
circuit with a single JJ have a bad impact on the characteristics of
the comparator and make them sensitive to various fluctuations. To
exclude the influence of various fluctuations, a balanced circuit of
JJs was proposed based on the Goto pair principle.*” Goto pair is
the case when two identical junctions are connected in series with
the strobe pulse while in parallel with the measurement signal. This
method was proposed many years ago and used in the construction
of semiconductor circuits based on Esaki diodes.'’”"” It should be
noted that the use of the balanced principle makes a comparator
insensitive to the noise and drift of the strobe generator. The sensi-
tivity of Josephson comparators is defined by thermal or quantum
fluctuations, and the time resolution is determined by the inertial

properties of the junctions. Josephson comparators can also be
used in the construction of superconducting samplers,'’ which are
used to measure weak and ultrashort pulses.'”'* The dynamics of
the processes and the user characteristics of samplers were numeri-
cally simulated using a PSCAN program package.' ™"

In all aforementioned studies of the dynamical properties of
JJ based circuits (see Refs. 1 and 4, it was considered that current-
phase relation (CPR) has a harmonic character with critical
current I,

I =1Isineo. (1)

Relationship (1) is fulfilled with high accuracy for tunnel JJs based
on low-temperature superconductors.'” In the case of JJs based on
high-temperature superconductors, the CPR becomes anhar-

I =I(0)f (¢) = I(0)(sin ¢ + ausin2e), 2

where anharmonicity parameter oo depends on the junction prepa-
ration technology. In general, anharmonicity in the CPR for high
temperature and Fe-based superconductors-based JJ for JJs made of
high-temperature and Fe-based superconductors is associated with
the d wave behavior of the order parameter and multiband charac-
ter of the superconducting state in new superconducting
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compounds.” The dynamical properties of single JJs with an
anharmonic CPR (2) were studied in Refs. 21-23. The influence of
the second harmonic in the CPR of a JJ on the time resolution of
balanced comparators was not considered yet. In this study we
investigate the influence of the anharmonicity of CPR on the time
resolution of the Josephson balanced comparator.

2. BASIC EQUATIONS

For the analysis of the dynamics of JJs with anharmonic CPR
(2), we use a differential equation for the dynamics of the
Josephson phase ¢

Be + @+ fle) = e, 3

where i, is the current via JJ, dots over ¢ correspond to derivative
with respect to the dimensionless time M{fﬁ. In Eq. (3) notation

B is the McCumber parameter of JJ B = 2I.(a)R}C, which deter-
mines the size of hysteresis in the current-voltage characteristics. It
is well known, that the case of B >> 1 corresponds to the tunnel JJ.
In the case of B << 1 the hysteresis in current-voltage characteristics
is absent and in Eq. (3) we can neglect the first term. The presence
of the second harmonic in CPR in Eq. (2) leads to renormalization
of the critical current I.. In calculations, we use an analytical solu-
tion for the maximum point of the function f (¢) (2), similar to
Refs. 24 and 25.

F(¢) = (sin@ + asin 2¢). (4)

The effective critical current I.(o) of a JJ with an anharmonic
current-phase relation as a function of anharmonicity parameter a
is presented in Refs. 24 and 25. It is clear that, by increasing param-
eter o, the effective critical current I. also increases. Quadratic

FIG. 1. Equivalent scheme of a balanced comparator on JJs.
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behavior at small o. changes for linear dependence at high values of
this parameter o.

Equivalent circuit of the balanced comparator based on JJs in
general case is presented in Fig. 1. It is clear that, two identical
Josephson junctions (J; and J,) are connected in series with the
strobe pulse i and in parallel with the measurement signal i,. Strobe
pulses in Fig. 1 generate a linear growing current. As for any com-
parator, the value of the time resolution can be determined using
the transient response H(1),* which represents the output signal of
the comparator V,,, when the signal in the form of a small current
step Ig=10(t) is applied to the input of the comparator. In this
case, the time resolution is usually defined as the step response
time from the level of 0.10 to 0.90 of its maximum value, where ©
denotes the delay time (lead time) of the strobe pulse relative to the
step. For the anharmonic CPR Josephson comparator with junc-
tions J; and J, (Fig. 1), the following equations hold:*"”

B, + @1 +f(e)) =14, (5)
Bo, + ¢, + f@y) =i+ iy

The dynamic behavior is determined by two control variables i and
iy. The strobe pulse equally affects both phases of both JJs, while i,
causes opposite changes of the phase of the junctions. For small
phase increments, 3¢ = ¢,—@;, we have the following equations:

P3, + 8¢y + (@) — floy) =i, )

By + ¢ S (@) +fl@)) =2i+ iy,
where @, is @, =¢; +¢@,. Under the condition of the small mea-
sured signal in relation to the sampling signal i, << i

.. 0 .
BoP + 8¢ + 8—f(<P1)5<P =iy,
)

" . 7)
B‘P_++§P_++f(‘P2)+f(‘P1) -
2 2 2 ’
the system of Eq. (7) can be rewritten as
W s, O .
B + 56 + 0 ()5 = i
O¢ 1 2 ®)

oy b (&):~
B2+2+f2 i.

An asymptotic solution of the second Eq. (8) with harmonic
CPR (0.=0) in the case of linear sampling current i=rt is pre-
sented in Ref. 26 (see also Ref. 1). Here r denotes the dimensionless
growing rate of the current via JJ

)
" dot)

®

where ®, = @ is the characteristic frequency of JJ.

Balanced comparator using Single Flux Quantum (SFQ) tech-
nique is discussed in Ref. 9 (see also Ref. 4. It is well known that
SEQ technology uses overdamped JJ.* It means that, in this limit,
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FIG. 2. Time resolution of tunnel JJ balanced comparators as a function of a
nharmonicity for different sampling rates r=1, 2, 5, 10 from top to bottom.

the first term is ignored in Egs. (5) and (6) due to f << 1

8¢ + % (%) 8¢ = iy,

¢ ¢ 10
G or(y) =

3. RESULTS

Calculation for the time resolution of tunnel JJ-based balanced
comparators using Eq. (8), considering anharmonicity effects lead
to a result

D,

8t =2.3r PP (0) .
rE ) Ry

1m)

In expression (11) we consider renormalization of the McCumber
parameter B(o) and the critical current I (o) due to anharmonicity
of CPR.”>*® Similar calculation for the case of overdamped JJ for
SFQ pulses has a form

@

ot =0.64———.
ZRIC(OC)RN

(12)

In the derivation of (12), we consider the triangle forms of the
strobe pulses while the dimensionless sampling rate is fixed to
r =2/ (SFQ pulse area is equal to the flux quantum ®).

The results of calculations of the time resolution of a balanced
J] comparator are presented in Figs. 2 and 3, respectively, for the
tunnel and overdamped junctions. As seen in these figures, in both
cases, anharmonicity of CPR leads to improvement of the time res-
olution in comparison to the harmonic case o=0. Such a result
can be explained by the decreasing of the Josephson inductance of
the junction and, as a result, decreasing of its inertial properties. It
is well known that the supercurrent in the Josephson junction
I=I(a)sin ¢ is equivalent to alternating differential Josephson

ARTICLE scitation.org/journal/ltp
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FIG. 3. Time resolution of overdamped JJ balanced comparators as a function
of anharmonicity for SFQ pulses.

inductance' L(p) = ﬁ‘;os(@. As follows from Figs. 2 and 3, the

influence of anharmonic effects of CPR in the case of overdamped
J] is higher than that of tunnel junctions. The influence of the sam-
pling rate r in tunnel JJ comparators on the time resolution is also
presented in Fig. 2 for different values of r =1, 2, 5, 10 from top to
bottom.

The anharmonicity parameter o is important in finding appli-
cations for Josephson junctions with an anharmonic current-phase
relationship. In Ref. 27, bicrystalline Josephson junctions were fab-
ricated in YBaCuO high-temperature superconductors, and a
second to first harmonic amplitude ratio as a function of tempera-
ture was presented. At temperatures lower than 0.2 K, the influence
of the second harmonic on the CPR becomes important, as follows
from this dependence. This obtained result seems interesting from
the point of view of wide application of balanced Josephson com-
parators in digital superconducting electronics’ and flux qubit
readout systems.””

Thus, in this paper, the resolution time of JJ balanced compar-
ators with anharmonic CPR was investigated. Renormalization of
the critical current in JJs with anharmonic CPR leads to an
improvement of the resolution time with an increasing anharmo-
nicity parameter o. The estimation shows that it is possible to reach
an improvement of the time resolution of about two times.

Presented work partially supported by TUBITAK research grant
118F093.
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