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Heat capacity and entropy of a GaAs quantum dot with Gaussian
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The heat capacity and entropy effects in a GaAs quantum dot with Gaussian confinement are
calculated in the presence of a magnetic field and its interaction with the electron spin using the
canonical ensemble approach. It is shown that the heat capacity shows a Schottky-like anomaly at a
low temperature, while it approaches a saturation value 2kp as the temperature increases. As a
function of the magnetic field, the heat capacity shows a maximum and then reduces to zero. Also
the width of the maximum becomes wider with temperature. It is also shown that the heat capacity
remains constant up to a certain value of the confinement length beyond which it displays a
monotonic increase. However as a function of the confinement strength, though the heat capacity
initially shows a significant drop, it remains constant thereafter. At low temperatures like T =10
and 20K, the entropy is found to decrease with increasing magnetic field, but at higher
temperatures, it remains almost independent of the magnetic field. At high temperatures, entropy
shows a monotonic increase with temperature, but at a sufficiently low temperature as the
magnetic field decreases, the entropy is found to develop a shoulder which becomes more
and more pronounced with decreasing magnetic field. © 2012 American Institute of Physics.

[http://dx.doi.org/10.1063/1.4759350]

. INTRODUCTION

The subject of quantum dots has emerged as a very fas-
cinating area in condensed matter physics in recent times.'™
The reason is primarily two-fold. First and foremost, the
quantum dots have a great potential for applications in
micro-electronic devices such as quantum dot lasers, solar
cells, single electron transistors and quantum computers.
Second and not less importantly, quantum dots can be con-
sidered as a tiny laboratory where the predictions of quantum
mechanics can be tested comprehensively. It is essential to
know the nature of the confining potential to formulate any
theory of quantum dots. Early experiments indicated that this
potential is harmonic in nature. However, some recent
experiments have suggested that the confining potential is
rather anharmonic and has a finite depth. Adamowsky
et al.'® have proposed an attractive Gaussian potential which
seems to be a better model for the confining potential. We
would like to mention in passing that the Gaussian potential
has been solved approximately for a single-particle problem
by several authors.'''®

There have been several investigations in the past few
years on the heat capacity and entropy of quantum dots and
other related low-dimensional systems in the presence of a
magnetic field.'”?” However, most of these investigations
have used either a square well model (SQM) or a parabolic
potential model (PPM) for the confining potential. Nguyen
and Peeters'® have investigated the thermodynamic quanti-
ties such as the heat capacity, the magnetization and suscep-
tibility in the presence of a single magnetic ion and a
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perpendicular magnetic field taking into account the
electron-electron correlations in a many-electron quantum
dot. They have observed that the cusps in the energy levels
show up as peaks in the heat capacity and the susceptibility.
Miiller and Koonin®® have calculated the heat capacity asso-
ciated with the rotational degree of freedom of deformed
many-body states. Oh er al.?' have studied the heat capacity
of quantum wires and dots and have found that the calculated
heat capacities at low temperatures show an oscillating
behavior. De Groote ef al.** have calculated the magnetiza-
tion, magnetic susceptibility and heat capacity of helium-like
confined quantum dots and obtained an additional structure
in the heat capacity. Maksym and Chakraborty* have calcu-
lated the electronic heat capacity taking into accont the
electron-electron interaction. In all these cases, the confining
potential has been taken as parabolic. To our knowledge, no
investigation has so far been made on the tempereture-
dependent heat capacity and entropy in a gaussian quantum
dot in the presence of the spin-Zeeman interaction. The pur-
pose of this present paper is to make an attempt in this
direction.

Il. MODEL AND FORMULATION

The Hamiltonian of a system of an electron moving in a
two-dimensional (2D) confining potential V' in the presence
of an external magnetic field B may be written as

1
2m*

H=o—(p+5A) +V(p), M

where p refers to the position vector of an electron in two
dimensions, p is the corresponding momentum operator, m*
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is the electron effective mass and A is the vector potential
corresponding to the magnetic field B which has been
applied in the z direction. Choosing the gauge of A as A
=B(—y/2,x/2,0) such that A is divergence-less and
including the spin-Zeeman term, we can write Eq. (1) as

72
2m*

1 o
Vo V(p) +gm lp? + Sho(L: +¢7S2),
(2

H=—

where L, is the z-component of the angular momentum of
the electron, w, is the bare cyclotron frequency given by
®, = eB/m* (units have been chosen in which (¢ = 1)), B
being the applied magnetic field and V(p) is the confining
potential which we take as: V(p) = —Voexp(—p?/2R?),
where V| denotes the depth of the potential and R gives a
measure of the range of the potential and thus represents the
effective confinement length or the size of the quantum dot.

We assume that the deviation of the Gaussian confining
potential from the parabolic potential is small enough so that
it can be treated as a parabolic potential plus a perturbation.
This is a reasonable assumption for small » and since in a
quantum dot, r will be generally small, it can be considered
as a fairly good approximation. So we rewrite the Hamilto-
nian (1) as

H = Hy + H,, where

h2 1 * ~ 1 7 *Q
Hy = _2m* Vi _|_§m 602,02 +§hwc(Lz +g S:) Vo, (3
1
Hy = 2| om'wpp® = Voexp(—p*2R%) |, (4)

where &% = w% + a)f/4 w% =Vy/m*R?, and /=0 for a
PPM and Z=1 for a Gaussian potential model (GPM). We
assume that the sole effect of H; is to renormalize the
frequency @. So we treat H; by the first order perturbation
theory at the mean field level. More specifically, we write
H, as

NRY 1, Vi
Hy =1 ﬁ—im o} —ﬁ(exp(—pz/ZRZ» P’ ()

where (p?) is the expectation value of p? with respect to
ground state wave function of the harmonic oscillator of fre-
quency @. The GPM problem now reduces to an effective
PPM problem described by Hamiltonian?**

hz =2 1 * 2 2 1 2 *Q
H=— *vp—'__mwp +5hwc(Lz+g Sz)_VO, (6)

2m 2

where w= [(1 — 2)@? + w2 /4 + 22Vo(®/ (h + 2mdR2)))"?
and g* is effective Lande-g factor (which is equal to —0.44
for GaAs). The effective problem now satisfies the
Schrodinger  equation:  HW ,;5(p, 0,0) = EusPus(p, 0, 0),
where W5 (p, 0, ) is the wave function given by the Fock—
Darwin  states:  W,(p, 0,0) = (a//7)(n!/(n+ I/
(op)!" LI (oa?p?)exp(—Lop? +il0) (), where o= (m*w
/R, n'is the radial quantum number, / (=0, =1, +2, ...)
is the azimuthal angular momentum quantum number, L,‘f‘ is
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the associated Laguerre polynomial, (o) is the eigenstate
of the spin operator S, with eigenvalue s = *=1/2 and
E, 5 is given by

1
Eus = (2n4+ ||+ Dio +§hw(,(l +g"s)—=Vo. (D)

In the present work, we are interested in the temperature
dependence of the heat capacity and entropy. We shall how-
ever neglect the electron-electron and the spin-orbit interac-
tions. The partition function for the present system can be
exactly calculated and is given by™°

Z(T, B) = %COS}‘ Clg*ﬁhw6> csch{ﬂzh (w - U;‘)}

X csch{ﬁzh (a) + %) }, )

where = 1/kgT. The partition function can be used to
obtain the average energy E, heat capacity (C) and the en-
tropy (S) as

1 * *
— Zg hw, tanh (Zg [fha)c), 9

2

+ 22 (hewe)” sech? G g*ﬂhwc), (10)
S = %kgll’l {cosh (%g*ﬁhwc.) csch{% (w

X csch{% (a) + %) H

+ ?kg H (co + (;C)coth(ﬁzh (0 + C;C)> }
+ { (a) — %)coth(% (a) — %)) }]

h 1
- '% kpg” w. tanh (Z g*ﬁha)(.) , (11)

We have studied the behaviour of the heat capacity and en-
tropy as a function of temperature (T), magnetic field (B),
confinement length (R) and the depth of the confining poten-
tial (V) numerically.

lll. NUMERICAL RESULTS AND DISCUSSION

In Fig. 1, we plot the thermal heat capacity (C) per elec-
tron in a GaAs QD as a function of temperature T incorporat-
ing the effect of the electron spin. Unless specifically
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FIG. 1. Heat capacity (C/kg) vs temperature (T) of a GaAs QD for B = 0.5,
1,5and 10 T.

mentioned otherwise, it should be understood that the results
being reported are for GPM. We observe that at very low
temperatures, the heat capacity shows a peak structure. As
the magnetic field is increased, the peak shifts to the right
and become broader in width. In fact, at B = 107, the peak
transforms into a shoulder. Naturally at higher magnetic
fields, one would expect a monotonic increase in the heat
capacity with temperature. However, as the temperature
keeps increasing further, the heat capacity finally saturates.
The saturation value the heat capacity approaches at a high
temperature is found to be about 2kz in conformity with
result reported in Ref. 20. The origin of the peak structure
observed in C is not quite clear, though it is reminiscent of
the well-known Schottky anomaly observed in the heat
capacity of two-level systems at low temperatures. We also
observe that the average thermodynamic energy initially
increases very slowly with temperature (though not shown in
the figure) but above a certain temperature, it increases rather
rapidly. In Fig. 2, we plot the heat capacity of a GaAs QD as
a function of the applied magnetic field for three values of
the temperature. The figure shows that the heat capacity
peaks at a certain value of the magnetic field and then
reduces to zero, more quickly at a low temperature. The criti-
cal value of the magnetic field B at which the heat capacity
becomes maximum increases as the temperature increases.
Furthermore, the peaks also become broader with increasing
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FIG. 2. Heat capacity (C/kg) vs magnetic field B of a GaAs QD for
T =2, 10and 20K.
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temperature. This scenario can be explained in a simple way.
With the given parameter values of the GaAs QD, one would
have certain discrete energy spectrum. The surrounding envi-
ronment will be able to excite the system thermodynamically
most efficiently only at a certain critical temperature. Or put
differently, at a given temperature, the system will absorb
maximum energy from the environment only if the applied
magnetic field has a critical value. At other magnetic field
values, absorption of energy will be much less leading to a
sharp fall in the specific heat. The argument sounds credible
because at high temperature, the peak in the heat capacity
shifts towards right and becomes broader.

In Fig. 3, we plot the heat capacity as a function of the
effective Lande g factor (¢*) for B =57 and T = 30K.
The first thing to note is that the heat capacity C is symmetric
in the Lande g factor, g*. Second, the heat capacity initially
increases with g*, reaches a maximum and then starts
decreasing with increasing g* and finally above a certain
value of g* (|g*| ~ 5), it becomes almost independent of the
Lande g factor g*. We have also plotted the results for the
parabolic potential model. It appears that the parabolic
model underestimates the heat capacity. The saturation of
the heat capacity for large ¢g* may be ascribed to the fact that
in the presence of a large magnetic field B, beyond a certain
value of g* electron spin moments will be saturated and the
Zeeman contribution to the average energy becomes inde-
pendent of temperature and consequently, g* will not have
any effect on the heat capacity. In fact one can see from
Eq. (9) that in the presence of a strong magnetic field, the av-
erage energy for large g* approaches —% g"hw, and there-
fore the Zeeman term does not contribute to the heat
capacity at large g* and then the heat capacity becomes
independent of g*. In Fig. 4, we plot the heat capacity
as a function of the quantum dot size, R for temperature,
T = 30K and B = 5T. One can observe that in the pres-
ence of spin, the heat capacity remains constant at small R
up to a certain value of R beyond which the heat capacity
increases monotonically as R increases (solid line). Interest-
ingly, without the spin-Zeeman term, the heat capacity is
zero in the region where it is flat in the presence of spin
(dashed line). The zero value of the heat capacity below a
certain critical dot size in the absence of spin may be because
of the occurrence of large energy spacings at low R. The

FIG. 3. C/kg vs. g* for a QD with GPM (solid line) and PPM (dashed line).
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FIG. 4. C/kp vs. R for a GaAs QD.

behavior of the heat capacity beyond R essentially displays
the extensive property of the heat capacity g*, since it scales
linearly with the size R. The flat part of the heat capacity in
the presence of spin arises due to R-independent contribution
of the spin-Zeeman interaction.

In Fig. 5, we plot the behavior of heat capacity as a func-
tion of the depth (Vy) of the confinement potential. Fig. 5(a)
shows the results for high values of V) and Fig. 5(b) displays
the behavior for low values of V. One can observe an inter-
esting crossing behavior at low values of V). It is, however,
more important to note that at low values of Vj, the heat
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FIG. 5. C/kg vs. V of a GaAs QD in presence of spin for high (a) and low
(b) values of V.
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FIG. 6. C/kg vs. m* /mg of a Gaussian QD.

capacity undergoes a substantial reduction in its magnitude
as Vj increases and then remains essentially constant on fur-
ther increase in the value of V. This sharp fall in the value
of heat capacity may have the genesis in the large energy
separations arising for the low-lying excited states due to the
increase in V. Since the excitation energies for the low-
lying excited states become large, the thermal energy avail-
able in the ambient environment as indicated Fig. 5 cannot
excite the system leading to a very low heat capacity. This
explanation looks plausible in view of the observation that
the lower the temperature, the sharper the fall in the heat
capacity.

In Fig. 6, we plot the heat capacity as a function of effec-
tivemassat B=1T and T = 1, 50 and 100 K. We find the
behavior quite interesting. At high temperatures like SOK and
100K, the heat capacity increases very rapidly with m* at
small values of m* and then tends to saturate as m* becomes a
little larger. The saturated value of the heat capacity appears
to be about 2kz. However, at a very low temperature like 1K,
the behavior is qualitatively different. In this case, the heat
capacity increases with m* initially, attains a maximum and
then decreases to zero. The explanation is again pretty
straight-forward. The effective mass m* in a way increases the
cyclotron frequency and the Zeeman term, leading to larger
excitation energies for the low-lying excited states. So at
larger temperatures like 7 = 50K and 100K, the required
excitation energies are available and one obtains a sizable
heat capacity. However, beyond a certain value of the parame-
ters, the potential cannot sustain any more excited states,
eventually heat capacity saturates. However, at very low tem-
perature the situation is quite different. For instance, at very
small m* value, the system may be able to absorb heat and
show a small heat capacity, but as m* increases beyond a criti-
cal value, the surroundings with 1 K may not be able to pro-
vide the sufficient energy to excite the system and
consequently, the heat capacity would reduce to zero.

Another important thermodynamics quantity we have
studied is the entropy. We have calculated the entropy S/kp as
a function of magnetic field B using the same Gaussian confin-
ing potential at temperatures 7 = 10K,20K, 50K and
100 K. The results are shown in Fig. 7. At T = 50K and
100 K, the entropy does not change much with B. But at rela-
tively lower temperatures like 7 = 10 K and 20 K, as the
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FIG. 7. S/kg vs. B of a GaAs QD.

magnetic field increases, entropy decreases. One possible ex-
planation for the observed behavior could be that the order
brought in the system by the magnetic field might be counter-
balanced by the kinetic energy due to confinement together
with the thermodynamic disorder at higher temperatures. At
low temperatures, however, the magnetic energy wins over,
and the entropy decreases with increasing magnetic field. Of
course the entropy increases with temperature at a fixed mag-
netic field, as is generally expected. In Fig. 8, we plot the en-
tropy explicitly as a function of temperature (7)) for B =1, 5
and 107. As expected, the entropy increases with temperature
at a fixed value of the magnetic field. However, the behavior
is qualitatively different at lower temperatures as compared to
that at relatively higher temperatures. For example, at higher
temperature, entropy increases monotonically with tempera-
ture for all the values of the magnetic field considered and
becomes essentially independent of the magnetic field. How-
ever, at low temperature, the behavior is very different and is
crucially dependent on the magnetic field. It is clear that as
the magnetic field decreases, the entropy develops a shoulder.
The shoulder becomes more and more distinct as the magnetic
field decreases. At B = 1T, as the temperature is increased to
a value slightly greater than zero (though still being pretty
close to zero), the entropy increases quite rapidly to a certain
value. Then in a certain temperature window, entropy shows a
rather marginal increase in its value and finally merges with
the essentially magnetic-field- independent monotonically
increasing entropy. This behavior is consistent with the heat

2.0 T
Vp=36.7 meV

R=10 nm

0 20 40 60 80 100
T(K)

FIG. 8. S/kg vs. T for a GaAs QD.
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FIG. 9. C/kp as a function of T and B for a GaAs QD.

capacity behavior shown at low temperature at B =17 in
Fig. 1. In Fig. 9, we present the contour diagram for the heat
capacity as a function of magnetic field (B) and temperature
(T) for R = 10nm and V(=36.7meV for a GaAs quantum
dot with Gaussian confinement.

IV. CONCLUSION

We have investigated the temperature-dependent heat
capacity and the corresponding entropy of a GaAs quantum
dot with Gaussian confinement in the presence of the full
Zeeman term using the canonical ensemble approach. We
have shown the variation of the heat capacity and entropy as
a function of different parameters. As a function of tempera-
ture, the heat capacity shows at a very low temperature, a
sharp peak structure reminiscent of the Schottky anomaly.
As a function of the magnetic field, the heat capacity is found
to peak at a certain value of the magnetic field which
depends on the temperature, and then reduces to zero, more
quickly at a low temperature. The critical value of the mag-
netic field B at which the heat capacity becomes maximum
increases as the temperature increases. We have shown that
as a function of the Lande g factor, the heat capacity initially
increases with g*, reaches a maximum and then starts
decreasing with increasing g* and finally above a certain
value of g* (|g*| ~ 5), it becomes almost independent g*. As
a function of the dot size R, the heat capacity remains con-
stant up to a certain value of R at small R beyond which the
heat capacity increases monotonically as R increases. We
find that initially the heat capacity decreases significantly
with increasing confinement strength V,, and thereafter
remains essentially constant on further increase in Vj. As a
function of the electron effective mass m*, at temperatures
like 50 and 100 K, the heat capacity increases very rapidly
with m* at small m™ and then tends to saturate as m" becomes
a little larger. The saturated value of the heat capacity
appears to be about 2kg. However, at a very low temperature
like 1 K, we observe that initially the heat capacity increases
with m*, attains a maximum and then decreases to zero. It
may be pointed out that the behavior of the average energy
for an electron gas in general depends on the density of
states. However in the case of quantum dots, the energy
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levels are not quasi-continuous but discrete and therefore the
average energy can be said to depend on the distribution of
energy levels. Consequently, the heat capacity should
depend both on the energy level distribution and the temper-
ature dependence of the occupation probability of the states.

As we have already mentioned, we have also presented
some interesting behavior for the entropy. At T = 50 and
100K, the entropy does not seem to change much with the
magnetic field B, but at relatively lower temperatures like
T = 10 and 20K, entropy decreases as B increases. As a
function of temperature, entropy increases monotonically with
temperature at high temperatures for the magnetic fields con-
sidered in this work and becomes essentially independent of
the magnetic field. However at low temperature, the behavior
is very different and is crucially dependent on the magnetic
field. It is clear that as the magnetic field decreases, the en-
tropy develops a shoulder which becomes more and more
prominent as the magnetic field decreases. We have attempted
to provide explanations for almost all the behavior of the heat
capacity and entropy we have presented in this work.
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