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ON BIVARIATE JAIN OPERATORS
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Abstract. In this paper we deal with bivariate extension of Jain operators.

Using elementary method, we show that these opearators are non-increasing in
n when the attached function is convex. Moreover, we demonstrate that these

operators preserve the properties of modulus of continuity. Finally, we present

a Voronovskaja type theorem for the sequence of bivariate Jain operators.

1. Introduction. In [15], Jain constructed the following positive linear operators

P βn,1 (f ;x) =


∞∑
k=0

ωβ(k, nx)f
(
k
n

)
, x > 0, n ∈ N,

f (0) , x = 0,
(1)

where

ωβ (k, nx) :=
nx (nx+ kβ)

k−1

k!
e−(nx+kβ), 0 ≤ β < 1, x > 0, (2)

is a Poisson type distribution satisfying
∞∑
k=0

ωβ (k, nx) = 1, (3)

and f is any function from C [0,∞), the space of real valued continuous functions
on [0,∞), such that the series is convergent. In the paper, the author studied

convergence and the order of convergence by the sequence
{
P βn,1 (f ;x)

}
n≥1

on any

finite closed interval of [0,∞) by taking β = βn satisfying βn → 0 as n→∞. Note
that in the case of β = 0 these operators reduce to the well known Szász–Mirakjan
operators [17], [23].

Umar and Razi [25] defined a Kantorovich type generalization of the Jain oper-
ators. Farcaş [11] proved a Voronovskaja type theorem for Jain operators. Tarabie
[24] studied A-statistical convergence for the sequence of the Jain-beta operators.
Farcaş [12] considered a new generalization of Jain’s operators of two variables
and studied convergence properties of these operators with the help of A-statistical
approximation.

Gupta et al. [13] studied a Durrmeyer type generalization of Jain operators.
Agratini [2] studied local approximation results and statistical convergence property

of the sequence of operators P βn,1. Gupta and Greubel [14] presented an interesting
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observation that the Durrmeyer variant of the Jain operators has an advantage that
for the convergence; β does not have to be taken as a convergent sequence to zero.
Dhamija and Deo [9] also considered Jain–Durrmeyer operators associated with
the inverse Pólya–Eggenberger distribution and study uniform approximation and
degree of approximation by the sequence of the new modified operators. Abel and
Agratini [1], obtained complete asymptotic expansion for Jain operators. Olgun et
al. [19] defined a generalization of Jain operators and proved a Voronovskaja type
theorem. Doğru et al. [10] considered a generalization of Jain operators preserving
linear functions and obtained an error estimate better than the Jain operators.
Özarslan [20] studied Stancu type Jain operators and constructed a modification
of them so that the modified operators preserve linear functions and provide a
better error estimation than the Jain operators and obtained global results in a
certain subspace of C[0,∞), whereas Jain operators don’t satisfy. Deniz [8] provided
some quantitative estimates for Kantorovich generalization of Jain operators. For
a detailed overview concerning Jain operators, we refer to Agratini’s paper [3].
Çetin and Başcanbaz-Tunca [6] extended Jain operators in the Schurer’s setting
and studied some classical problems concerning the new operators.

In the present paper, we consider bivariate extension of the Jain operators and
prove that these operators are non-increasing with respect to n, when the attached
function is convex. We show that these operators preserve the properties of the
modulus of continuity. Finally, we present a Voronovskaja type result for the se-
quence of bivariate Jain operators.

Throughout the paper, D ⊆ R2 denotes the set

D :=
{

(x, y) ∈ R2 : 0 ≤ x <∞, 0 ≤ y <∞
}

and CB (D) denotes the space of all real valued continuous and bounded functions
defined on D. For f ((x, y)), where (x, y) ∈ D; we simply write f (x, y). 1 denotes
the constant function on D such that 1 (x, y) = 1 for (x, y) ∈ D and for any (x1, y1) ,
(x2, y2) ∈ D, (x1, y1)≤ (x2, y2) means that x1 ≤ x2 and y1 ≤ y2.

We consider the following bivariate extension of the Jain operators, denoted by
P βn , n ∈ N, and defined as

P βn (f ;x, y) =


∞∑
k=0

∞∑
l=0

ωβ(k, nx)ωβ (l, ny) f
(
k
n ,

l
n

)
, (x, y) ∈D\ {(0, 0)} , n ∈ N,

f (0, 0) , (x, y) =(0, 0)
(4)

where 0 ≤ β < 1, ωβ is given by (2) and f ∈ CB (D). It is clear that the operators
P βn are positive and linear, and from (3), one has

P βn (1;x, y) =

∞∑
k=0

∞∑
l=0

ωβ (k, nx)ωβ (l, ny)

= 1. (5)

Let πi : D → R, i = 1, 2, denote the ith coordinate function defined as π1(x, y) :=
x, and π2(x, y) = y, for (x, y) ∈ D. Now, we present some moments and central
moments of the bivariate Jain operators P βn , n ∈ N.

Lemma 1.1. For the operators P βn , n ∈ N, we have

P βn (π1;x, y) =
x

1− β
,
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P βn (π2;x, y) =
y

1− β
,

P βn
(
π2

1 ;x, y
)

=
x2

(1− β)
2 +

x

n (1− β)
3 ,

P βn
(
π2

2 ;x, y
)

=
y2

(1− β)
2 +

y

n (1− β)
3 ,

P βn
(
π3

1 ;x, y
)

=
x3

(1− β)
3 +

3x2

n (1− β)
4 +

(2β + 1)x

n2 (1− β)
5 ,

P βn
(
π3

2 ;x, y
)

=
y3

(1− β)
3 +

3y2

n (1− β)
4 +

(2β + 1) y

n2 (1− β)
5 ,

P βn
(
π4

1 ;x, y
)

=
x4

(1− β)
4 +

6x3

n (1− β)
5 +

(8β + 7)x2

n2 (1− β)
6 +

(
6β2 + 8β + 1

)
x

n3 (1− β)
7 ,

P βn
(
π4

2 ;x, y
)

=
y4

(1− β)
4 +

6y3

n (1− β)
5 +

(8β + 7) y2

n2 (1− β)
6 +

(
6β2 + 8β + 1

)
y

n3 (1− β)
7 .

Proof. From the definition of the operators (4), we have

P βn (πv1 ;x, y) = P βn,1 (ev;x) and P βn (πv2 ;x, y) = P βn,1 (ev; y) ,

where ev (t) = tv, v ∈ N. Thus, the moments can be obtained from the correspond-

ing values of univariate Jain operators P βn,1 (see [14] or [19]).

Lemma 1.2. For the operators P βn , n ∈ N, we have

P βn (π1 − 1x;x, y) =
βx

1− β
,

P βn (π2 − 1y;x, y) =
βy

1− β
,

P βn

(
(π1 − 1x)

2
;x, y

)
=

β2x2

(1− β)
2 +

x

n (1− β)
3 ,

P βn

(
(π2 − 1y)

2
;x, y

)
=

β2y2

(1− β)
2 +

y

n (1− β)
3 ,

P βn ((π1 − 1x) (π2 − 1y) ;x, y) =
β2xy

(1− β)
2 ,

P βn

(
(π1 − 1x)

4
;x, y

)
=

β4x4

(1− β)
4 +

6β2x3

n (1− β)
5

+

(
8β2 + 4β + 3

)
x2

n2 (1− β)
6 +

(
6β2 + 8β + 1

)
x

n3 (1− β)
7 ,

P βn

(
(π2 − 1y)

4
;x, y

)
=

β4y4

(1− β)
4 +

6β2y3

n (1− β)
5

+

(
8β2 + 4β + 3

)
y2

n2 (1− β)
6 +

(
6β2 + 8β + 1

)
y

n3 (1− β)
7 ,

P βn

(
(π1 − 1x)

2
(π2 − 1y)

2
;x, y

)
=
β4x2y2

(1− β)
4 +

β2
(
x2y + y2x

)
n (1− β)

5 +
xy

n2 (1− β)
6
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and

P βn

([
(π1 − 1x)

2
+ (π2 − 1y)

2
]2

;x, y

)
=
β4
(
x2 + y2

)2
(1− β)

4

+
2β2

[
3
(
x3 + y3

)
+ x2y + y2x

]
n (1− β)

5

+

[(
8β2 + 4β + 3

) (
x2 + y2

)
+ 2xy

]
n2 (1− β)

6

+

(
6β2 + 8β + 1

)
(x+ y)

n3 (1− β)
7 .

Proof. Proof can be obtained directly from Lemma 1.1.

2. Monotonicity of
{
P βn (f)

}
n∈N. In [7], Cheney and Sharma proved that the

Szász-Mirakjan operators P 0
n,1 (f) are non-increasing in n, when the attached func-

tion f is convex on [0,∞). In [6], the authors obtained the same result for a
generalization of Jain operators in the sense of Schurer. In this section, we study
the monotonicity of the sequence of bivariate Jain operators P βn (f) , n ∈ N.

Below, we recall the notion of convexity of a real valued function f defined on
the set D ⊂ R2.

Definition 2.1. A real valued continuous function on D is said to be convex in D
if

f

(
r∑
i=1

αi (xi, yi)

)
≤

r∑
i=1

αif (xi, yi)

for every (x1, y1) , . . . , (xr, yr) ∈ D and for every nonnegative numbers α1, α2, . . . , αr
such that α1 + α2 + · · ·+ αr = 1 (see, e.g., [5]).

We need the Abel type and Jensen’s formulas, given by

(u+ v + nβ)
n

=

n∑
i=0

(
n

i

)
(u+ iβ)

i
v [v + (n− i)β]

n−i−1
(6)

and

(u+ v) (u+ v + nβ)
n−1

=
n∑
i=0

(
n

i

)
u (u+ iβ)

i−1
v [v + (n− i)β]

n−i−1
, (7)

respectively, where u, v and β ∈ R, n ∈ N (see, e.g., [22]).

Theorem 2.2. Let f ∈ CB (D) be convex. Then P βn (f) , 0 ≤ β < 1, is non-
increasing in n.

Proof. From the definition of the operators, it is enough to consider for x and
y being positive. We can write

P βn (f ;x, y)− P βn+1 (f ;x, y)

= exey
∞∑
k=0

∞∑
l=0

nx (nx+ kβ)
k−1

k!
e−[(n+1)x+kβ]

×ny (ny + lβ)
l−1

l!
e−[(n+1)y+lβ]f

(
k

n
,
l

n

)
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−
∞∑
k=0

∞∑
l=0

(n+ 1)x [(n+ 1)x+ kβ]
k−1

k!
e−[(n+1)x+kβ]

× (n+ 1) y [(n+ 1) y + lβ]
l−1

l!
e−[(n+1)y+lβ]f

(
k

n+ 1
,

l

n+ 1

)
.

From (2) and (3) we can write ex and ey as

ex =

∞∑
m=0

x (x+mβ)
m−1

m!
e−mβ , ey =

∞∑
p=0

y (y + pβ)
p−1

p!
e−pβ .

Making use of these expressions in the last formula, we obtain

P βn (f ;x, y)− P βn+1 (f ;x, y)

=

∞∑
m=0

∞∑
p=0

∞∑
k=0

∞∑
l=0

x (x+mβ)
m−1

m!
e−mβ

nx (nx+ kβ)
k−1

k!
e−[(n+1)x+kβ]

× y (y + pβ)
p−1

p!
e−pβ

ny (ny + lβ)
l−1

l!
e−[(n+1)y+lβ]f

(
k

n
,
l

n

)
−
∞∑
k=0

∞∑
l=0

(n+ 1)x [(n+ 1)x+ kβ]
k−1

k!
e−[(n+1)x+kβ]

× (n+ 1) y [(n+ 1) y + lβ]
l−1

l!
e−[(n+1)y+lβ]f

(
k

n+ 1
,

l

n+ 1

)
.

Replacing k with k −m and l with l − p, then the above formula gives that

P βn (f ;x, y)− P βn+1 (f ;x, y)

=

∞∑
m=0

∞∑
p=0

∞∑
k=m

∞∑
l=p

x (x+mβ)
m−1

m!
e−mβ

nx [nx+ (k −m)β]
k−m−1

(k −m)!
e−[(n+1)x+(k−m)β]

×y (y + pβ)
p−1

p!
e−pβ

ny [ny + (l − p)β]
l−p−1

(l − p)!
e−[(n+1)y+(l−p)β]f

(
k −m
n

,
l − p
n

)
−
∞∑
k=0

∞∑
l=0

(n+ 1)x [(n+ 1)x+ kβ]
k−1

k!
e−[(n+1)x+kβ]

× (n+ 1) y [(n+ 1) y + lβ]
l−1

l!
e−[(n+1)y+lβ]f

(
k

n+ 1
,

l

n+ 1

)
.

Interchanging the order of the summations, we get

P βn (f ;x, y)− P βn+1 (f ;x, y)

=

∞∑
k=0

k∑
m=0

∞∑
l=0

l∑
p=0

x (x+mβ)
m−1

m!

nx [nx+ (k −m)β]
k−m−1

(k −m)!
e−[(n+1)x+kβ]

× y (y + pβ)
p−1

p!

ny [ny + (l − p)β]
l−p−1

(l − p)!
e−[(n+1)y+lβ]f

(
k −m
n

,
l − p
n

)
−
∞∑
k=0

∞∑
l=0

(n+ 1)x [(n+ 1)x+ kβ]
k−1

k!
e−[(n+1)x+kβ]
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× (n+ 1) y [(n+ 1) y + lβ]
l−1

l!
e−[(n+1)y+lβ]f

(
k

n+ 1
,

l

n+ 1

)
.

We can rewrite the last formula as

P βn (f ;x, y)− P βn+1 (f ;x, y)

=

∞∑
k=0

∞∑
l=0

e−[(n+1)x+kβ]e−[(n+1)y+lβ]

×

{
k∑

m=0

l∑
p=0

nx (nx+mβ)
m−1

x [x+ (k −m)β]
k−m−1

m! (k −m)!

×ny (ny + pβ)
p−1

y [y + (l − p)β]
l−p−1

p! (l − p)!
f
(m
n
,
p

n

)
− (n+ 1)x [(n+ 1)x+ kβ]

k−1

k!

(n+ 1) y [(n+ 1) y + lβ]
l−1

l!
f

(
k

n+ 1
,

l

n+ 1

)}
= e−(n+1)(x+y) [f (0, 0)− f (0, 0)]

+e−(n+1)y
∞∑
k=1

e−[(n+1)x+kβ]

×

{
k∑

m=0

nx (nx+mβ)
m−1

x [x+ (k −m)β]
k−m−1

m! (k −m)!
f
(m
n
, 0
)

− (n+ 1)x [(n+ 1)x+ kβ]
k−1

k!
f

(
k

n+ 1
, 0

)}

+e−(n+1)x
∞∑
l=1

e−[(n+1)y+lβ]

×

{
l∑

p=0

ny (ny + pβ)
p−1

p!

y [y + (l − p)β]
l−p−1

(l − p)!
f
(

0,
p

n

)
− (n+ 1) y [(n+ 1) y + lβ]

l−1

l!
f

(
0,

l

n+ 1

)}

+

∞∑
k=1

∞∑
l=1

e−[(n+1)x+kβ]e−[(n+1)y+lβ]

×

{
k∑

m=0

l∑
p=0

nx (nx+mβ)
m−1

x [x+ (k −m)β]
k−m−1

m! (k −m)!

×ny (ny + pβ)
p−1

y [y + (l − p)β]
l−p−1

p! (l − p)!
f
(m
n
,
p

n

)
− (n+ 1)x [(n+ 1)x+ kβ]

k−1
(n+ 1) y [(n+ 1) y + lβ]

l−1

k!l!
f

(
k

n+ 1
,

l

n+ 1

)}
= I1 + I2 + I3,
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where

I1 : = e−(n+1)y
∞∑
k=1

ωβ (k, (n+ 1)x)

×

{
k∑

m=0

(
k

m

)
nx (nx+mβ)

m−1
x [x+ (k −m)β]

k−m−1

(n+ 1)x [(n+ 1)x+ kβ]
k−1

f
(m
n
, 0
)

−f
(

k

n+ 1
, 0

)}
,

I2 : = e−(n+1)x
∞∑
l=1

ωβ (l, (n+ 1) y)

×

{
l∑

p=0

(
l

p

)
ny (ny + pβ)

p−1
y [y + (l − p)β]

l−p−1

(n+ 1) y [(n+ 1) y + lβ]
l−1

f
(

0,
p

n

)
− f

(
0,

l

n+ 1

)}
and

I3 : =

∞∑
k=1

∞∑
l=1

ωβ (k, (n+ 1)x)ωβ (l, (n+ 1) y)

×

{
k∑

m=0

l∑
p=0

(
k

m

)(
l

p

)
nx (nx+mβ)

m−1
x [x+ (k −m)β]

k−m−1

(n+ 1)x [(n+ 1)x+ kβ]
k−1

×ny (ny + pβ)
p−1

y [y + (l − p)β]
l−p−1

(n+ 1) y [(n+ 1) y + lβ]
l−1

f
(m
n
,
p

n

)
− f

(
k

n+ 1
,

l

n+ 1

)}
,

with ωβ is given by (2). Now, it only remains to show that I1, I2 and I3 are
non-negative.

For I1, we take

αm :=

(
k

m

)
nx (nx+mβ)

m−1
x [x+ (k −m)β]

k−m−1

(n+ 1)x [(n+ 1)x+ kβ]
k−1

≥ 0

and (m
n
, 0
)
∈ D,

where m = 0, 1, . . . , k. Therefore, taking u = nx, v = x, n = k and i = m in (7),
we obtain

(n+ 1)x [(n+ 1)x+ kβ]
k−1

=

k∑
m=0

(
k

m

)
nx (nx+mβ)

m−1
x [x+ (k −m)β]

k−m−1
,

which gives that
k∑

m=0

αm = 1.

On the other hand, by using the well known properties of multiplication by scalar
and addition of vectors, we deduce

k∑
m=0

αm

(m
n
, 0
)
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=

(
k∑

m=1

(
k

m

)
nx (nx+mβ)

m−1
x [x+ (k −m)β]

k−m−1

(n+ 1)x [(n+ 1)x+ kβ]
k−1

m

n
, 0

)

=

(
k−1∑
m=0

(
k − 1

m

)
knx (nx+ β +mβ)

m
x [x+ (k −m− 1)β]

k−m−2

n (n+ 1)x [(n+ 1)x+ kβ]
k−1

, 0

)

=

(
k

n+ 1

k−1∑
m=0

(
k − 1

m

)
(nx+ β +mβ)

m
x [x+ (k −m− 1)β]

k−m−2

[(n+ 1)x+ kβ]
k−1

, 0

)

=

(
k

n+ 1
, 0

)
,

where we have used the formula (6), by taking u = nx + β, v = x, i = m and
n = k − 1, which gives that

[(n+ 1)x+ kβ]
k−1

=

k−1∑
m=0

(
k − 1

m

)
(nx+ β +mβ)

m
x [x+ (k −m− 1)β]

k−m−2
.

Therefore, we obtain

k∑
m=0

(
k

m

)
nx (nx+mβ)

m−1
x [x+ (k −m)β]

k−m−1

(n+ 1)x [(n+ 1)x+ kβ]
k−1

f
(m
n
, 0
)
≥ f

(
k

n+ 1
, 0

)
,

which is a direct consequence of the convexity of f . That is, we get I1 ≥ 0. The
case I2 ≥ 0 is obtained in a similar way by taking

γp =

(
l

p

)
ny (ny + pβ)

p−1
y [y + (l − p)β]

l−p−1

(n+ 1) y [(n+ 1) y + lβ]
l−1

≥ 0

and (
0,
p

n

)
∈ D,

where p = 0, 1, . . . , l. Finally, for I3, taking

αm

l∑
p=0

γp ≥ 0, m = 0, 1, . . . , k,

as the non-negative constants such that
k∑

m=0

(
αm

l∑
p=0

γp

)
= 1, where αm and γp

are the same as the given above, and
(
m
n ,

p
n

)
∈ D. From the convexity of f (see

Definition 2.1) and using the same calculations as above for each component, we
arrive at

k∑
m=0

(
k

m

)
nx (nx+mβ)

m−1
x [x+ (k −m)β]

k−m−1

(n+ 1)x [(n+ 1)x+ kβ]
k−1

×
l∑

p=0

(
l

m

)
ny (ny + pβ)

p−1
y [y + (l − p)β]

l−p−1

(n+ 1) y [(n+ 1) y + lβ]
l−1

f
(m
n
,
p

n

)

≥ f

(
k∑

m=0

l∑
p=0

(
k

m

)(
l

m

)
nx (nx+mβ)

m−1
x [x+ (k −m)β]

k−m−1

(n+ 1)x [(n+ 1)x+ kβ]
k−1

×ny (ny + pβ)
p−1

y [y + (l − p)β]
l−p−1

(n+ 1) y [(n+ 1) y + lβ]
l−1

(m
n
,
p

n

))
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= f

(
k

n+ 1
,

l

n+ 1

)
,

which shows that I3 ≥ 0. This completes the proof.

3. A retaining property. For the well known Bernstein polynomials, Bn, n ∈ N,
Li [16] proved that if ω is a modulus of continuity, then for each n, Bn(ω) is also a
modulus of continuity. The same result proved for multivariate non tensor product
Baskakov operators by Cao et al. [5]. Now, we recall the definition of function of
modulus of continuity in two variables.

Definition 3.1. A continuous and non-negative function ω defined on D is called a
modulus of continuity, if it satisfies the following conditions for any (x, y) , (t, s)∈D:

1. ω (0, 0) = 0,
2. ω (x, y) is non-decreasing (in each coordinate), namely, ω (x, y) ≥ ω (t, s) for

(x, y) ≥ (t, s) ,
3. ω (x, y) is sub-additive, i.e.; ω (x+ t, y + s) ≤ ω (x, y) + ω (t, s) ,

(see [5]).
Here, we present the same result for bivariate Jain operators.

Theorem 3.2. Let ω be a modulus of continuity and 0 ≤ β < 1. Then P βn (ω) is
also a modulus of continuity for each n ∈ N.

Proof. Let (x, y), (t, s) ∈ D and (x, y) ≤(t, s). In this case, by (4) we have

P βn (ω; t, s) (8)

=

∞∑
i=0

∞∑
j=0

nt(nt+ iβ)i−1

i!
e−(nt+iβ)ns(ns+ jβ)j−1

j!
e−(ns+jβ)ω

(
i

n
,
j

n

)
.

Taking u = nx, v = nt− nx and n = i and i = k in (7), we get

nt(nt+ iβ)i−1 =

i∑
k=0

(
i

k

)
nx(nx+ kβ)k−1n(t− x)[n(t− x) + (i− k)β]i−k−1

and similarly, taking u = ny, v = ns− ny and n = j and i = l, we get

ns(ns+ jβ)j−1 =

j∑
l=0

(
j

l

)
ny(ny + lβ)l−1n(s− y)[n(s− y) + (j − l)β]j−l−1.

Making use of these expressions in (8) we obtain

P βn (ω; t, s)

=

∞∑
i=0

∞∑
j=0

i∑
k=0

j∑
l=0

(
i

k

)
1

i!
nx(nx+ kβ)k−1n(t− x)[n(t− x) + (i− k)β]i−k−1e−(nt+iβ)

×

(
j

l

)
1

j!
ny(ny + lβ)l−1n(s− y)[n(s− y) + (j − l)β]j−l−1e−(ns+jβ)ω

(
i

n
,
j

n

)
.

Interchanging the order of the above summations and then taking i−k = p, j− l =
m in the result, we obtain

P βn (ω; t, s) (9)

=

∞∑
k=0

∞∑
i=k

∞∑
l=0

∞∑
j=l

nx(nx+ kβ)k−1

k!

n(t− x)[n(t− x) + (i− k)β]i−k−1

(i− k)!
e−(nt+iβ)
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×ny(ny + lβ)l−1

l!

n(s− y)[n(s− y) + (j − l)β]j−l−1

(j − l)!
e−(ns+jβ)ω

(
i

n
,
j

n

)
=

∞∑
k=0

∞∑
p=0

∞∑
l=0

∞∑
m=0

nx(nx+ kβ)k−1

k!

n(t− x)[n(t− x) + pβ]p−1

p!
e−[nt+(k+p)β)]

×ny(ny + lβ)l−1

l!

n(s− y)[n(s− y) +mβ]m−1

m!
e−[ns+(l+m)β)]ω

(
k + p

n
,
l +m

n

)
.

On the other hand, P βn (ω;x, y) can be written as

P βn (ω;x, y)

=

∞∑
k=0

∞∑
l=0

nx(nx+ kβ)

k!

k−1

e−[n(t+x−t)+kβ]

×ny(ny + lβ)

l!

l−1

e−[n(s+y−s)+lβ]ω

(
k

n
,
l

n

)
.

Here, from (2) and (3) we can write

en(t−x) =

∞∑
p=0

n(t− x) [n(t− x) + pβ]
p−1

p!
e−pβ

and

en(s−y) =

∞∑
m=0

n(s− y) [n(s− y) +mβ]
m−1

m!
e−mβ .

Substituting these expressions in the last formula, we obtain

P βn (ω;x, y) (10)

=

∞∑
k=0

∞∑
l=0

∞∑
p=0

∞∑
m=0

nx(nx+ kβ)k−1

k!

n(t− x)[n(t− x) + pβ]p−1

p!
e−[nt+(k+p)β]

×ny(ny + lβ)l−1

l!

n(s− y)[n(s− y) +mβ]m−1

m!
e−[ns+(l+m)β]ω

(
k

n
,
l

n

)
.

Subtracting (10) from (9), we deduce

P βn (ω; t, s)− P βn (ω;x, y) (11)

=

∞∑
k=0

∞∑
l=0

∞∑
p=0

∞∑
m=0

nx(nx+ kβ)k−1

k!

n(t− x)[n(t− x) + pβ]p−1

p!
e−[nt+(k+p)β]

×ny(ny + lβ)l−1

l!

n(s− y)[n(s− y) +mβ]m−1

m!
e−[ns+(l+m)β]

×
{
ω

(
k + p

n
,
l +m

n

)
− ω

(
k

n
,
l

n

)}
.

Using the sub-additivity of ω, we arrive at

P βn (ω; t, s)− P βn (ω;x, y)

≤ enx
∞∑
p=0

n(t− x)[n(t− x) + pβ]p−1

p!
e−(nt+pβ)

×eny
∞∑
m=0

n(s− y)[n(s− y) +mβ]m−1

m!
e−(ns+mβ)ω

( p
n
,
m

n

)
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=

∞∑
p=0

∞∑
m=0

ωβ(p, n(t− x))ωβ (m,n(s− y))ω
( p
n
,
m

n

)
= P βn (ω; t− x, s− y),

where ωβ is given by (2). This shows that P βn (ω) is sub-additive. Since the modulus
of continuity ω is non-decreasing, (11) provides that P βn (ω; t, s) ≥ P βn (ω;x, y) when
(t, s)≥ (x, y). Hence, P βn (ω) is non-decreasing. From the definition of the operators
P βn (ω), it is obvious that

lim
(x,y)→(0,0)

P βn (ω;x, y) = P βn (ω; 0, 0) = ω(0, 0) = 0.

Thereby, P βn (ω) itself is a function of modulus of continuity for each n ∈ N.

In this theorem, the case β = 0 gives the corresponding result for the bivariate
Szász–Mirakjan operators in [18].

4. A Voronovskaja type result. In [11], Farcaş, established the following
Voronovskaja type result for univariate Jain operators

lim
n→∞

n
(
P βn

n,1(f ;x)− f(x)
)

=
x

2
f ′′(x), x > 0,

for f ∈ C2 [0,∞), the space of all continuous functions having continuous second
order derivative, where β = βn, 0 ≤ βn < 1, is a sequence such that limn→∞ nβn =
0. Later, under the condition that limn→∞ nβn = γ is finite, Abel and Agratini [1,
Corollary 1] gave the following Voronovskaja type result for the Jain operators

lim
n→∞

n
(
P βn

n,1(f ;x)− f(x)
)

= γf ′ (x) +
x

2
f ′′(x)

for locally bounded functions on (0,∞) satisfying the growth condition f (x) =
O
(
x2
)

as x → ∞. Olgun et al. [19] obtained a Voronovskaja type result for a
generalization of the Jain operators. In this part, we present a Voronovskaja type
theorem for the sequence of bivariate Jain operators P βn

n , n ∈ N.

Theorem 4.1. Let f ∈ CB (D) admit its partial derivatives up to the second order
at (x, y) ∈ K, where K is a compact subset of D, and assume that limn→∞ nβn =
0, 0 ≤ βn < 1. Then we have

lim
n→∞

n
{
P βn
n (f ;x, y)− f(x, y)

}
=
x

2
fxx(x, y) +

y

2
fyy(x, y).

Proof. By Taylor’s formula of f at the fixed point (x, y) ∈ K, we have

f(t, s)

= f(x, y) + fx(x, y)(t− x) + fy(x, y)(s− y)

+
1

2

{
fxx(x, y)(t− x)2 + 2fxy(x, y)(t− x)(s− y) + fyy(x, y)(s− y)2

}
+λ(t− x, s− y)

[
(t− x)2 + (s− y)2

]
,

for all (t, s) ∈ D, where λ is bounded on D and lim(u,v)→(0,0) λ(u, v) = 0 (see,
e.g., [4]). λ can be made continuous at (u, v) = (0, 0) by defining λ (0, 0) =0.
Thus, for any given ε > 0, there is a δ > 0 such that |λ(t− x, s− y)| < ε when-

ever
√

(t− x)2 + (s− y)2 < δ and (t, s) ∈ D. On the other hand, since λ is
bounded, there is an M > 0 such that |λ(u, v)| ≤M for all (u, v) ∈ D. Therefore, we
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can write that |λ(t− x, s− y)| ≤ M
δ2

[
(t− x)2 + (s− y)2

]
when

√
(t− x)2 + (s− y)2

≥ δ. Taking into account of these facts, we can write

|λ(t− x, s− y)|
[
(t− x)2 + (s− y)2

]
(12)

≤ ε
[
(t− x)2 + (s− y)2

]
+
M

δ2

[
(t− x)2 + (s− y)2

]2
for the given (x, y), and all (t, s) ∈ D. Now, Applying the operators P βn

n to the
both sides of the Taylor formula given above, from Lemma 1.2, we have

P βn
n (f ;x, y)− f(x, y)

= fx(x, y)
βnx

1− βn
+ fy(x, y)

βny

1− βn

+
fxx(x, y)

2

[
β2
nx

2

(1− βn)
2 +

x

n (1− βn)
3

]
+ fxy(x, y)

β2
nxy

(1− βn)
2

+
fyy(x, y)

2

[
β2
ny

2

(1− βn)
2 +

y

n (1− βn)
3

]
+P βn

n

(
λ(π1 − 1x, π2 − 1y)

[
(π1 − 1x)2 + (π2 − 1y)2

]
;x, y

)
.

Using the hypothesis that limn→∞ nβn = 0, we obtain

lim
n→∞

n
[
P βn
n (f ;x, y)− f(x, y)

]
=

x

2
fxx(x, y) +

y

2
fyy(x, y)

+ lim
n→∞

nP βn
n

(
λ(π1 − 1x, π2 − 1y)

[
(π1 − 1x)2 + (π2 − 1y)2

]
;x, y

)
.

Now, taking into account of (12) and monotonicity of the operator P βn
n , we have

0 ≤
∣∣P βn
n

(
λ(π1 − 1x, π2 − 1y)

[
(π1 − 1x)2 + (π2 − 1y)2

]
;x, y

)∣∣
≤ εP βn

n

([
(π1 − 1x)2 + (π2 − 1y)2

]
;x, y

)
+
M

δ2
P βn
n

([
(π1 − 1x)

2
+ (π2 − 1y)

2
]2

;x, y

)
.

Thus, from Lemma 1.2 and the hypothesis on βn, we reach to

lim
n→∞

nP βn
n

(
λ(π1 − 1x, π2 − 1y)

[
(π1 − 1x)2 + (π2 − 1y)2

]
;x, y

)
= 0

for (x, y) ∈ K, which completes the proof.

In this theorem, the case β = 0 gives the corresponding result for the bivariate
Szász–Mirakjan operators (see, Theorem 1 in [21], with p1 = p2 = 0).
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