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ABSTRACT

In this paper, we find necessary and sufficient conditions for 𝑞-Sheffer polynomials to be 𝑑-orthogonal. More-
over, an example is presented and with the help of this example, we rediscover some known 𝑑-orthogonal
polynomial sets.
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1 Introduction
In the past two decades, there has been a growing interest on the notion of 𝑑-orthogonal polynomials which
are subclass of multiple orthogonal polynomials of type II [1–4]. 𝑑-orthogonal polynomials are natural
extensions of orthogonal polynomials. So far, many new 𝑑-orthogonal polynomials have been presented
as solutions of characterization problems by various authors [5–22, 24–26, 29–31, 36–38]. In this study,
we investigate the 𝑑-orthogonality of 𝑞-Sheffer polynomials. First of all, let us give some basic and brief
informations about 𝑑-orthogonal polynomials.

Let P be the vector space of polynomials with complex coefficients and P′ be its algebraic dual. The
effect of any linear functional 𝑢 ∈ P′ to the polynomial 𝑓 ∈ P is denoted by ⟨𝑢, 𝑓 ⟩. A polynomial sequence
{𝑃𝑛}𝑛≥0 ∈ P is called a polynomial set if deg 𝑃𝑛 = 𝑛 for all integer 𝑛.

Definition 1. The polynomial set {𝑃𝑛}𝑛≥0 is said to be 𝑑-orthogonal polynomial set with respect to the
𝑑-dimensional functional vector U = 𝑡 (𝑢0, ..., 𝑢𝑑−1) if it holds{

⟨𝑢𝑘 , 𝑃𝑚𝑃𝑛⟩ = 0, 𝑚 > 𝑛𝑑 + 𝑘 , 𝑛 ≥ 0,
⟨𝑢𝑘 , 𝑃𝑛𝑃𝑛𝑑+𝑘⟩ ≠ 0, 𝑛 ≥ 0, (1)

for 𝑑 ∈ Z+ and 𝑘 ∈ {0, 1, ..., 𝑑 − 1} [32, 35].
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The above orthogonality conditions (1) are equivalent to the fact that the polynomial set {𝑃𝑛}𝑛≥0 satisfies
the following recurrence relation in the monic form

𝑃𝑛+1(𝑥) = (𝑥 − 𝛿𝑛+1)𝑃𝑛 (𝑥) +
𝑑∑︁

𝑘=1
𝜆𝑛𝑘𝑃𝑛−𝑘 (𝑥), 𝑛 ≥ 0, (2)

with 𝜆𝑛
𝑑
≠ 0, 𝑛 ≥ 𝑑 and 𝑃−𝑛 (𝑥) = 0, 𝑛 ≥ 1 [32]. Note that when 𝑑 = 1, the 𝑑-orthogonality conditions

(1) and the (𝑑 + 1)-order recurrence relations (2) reduce to the celebrated orthogonality conditions and
three-term recurrence relations.

Next, let us give some definitions and formulas about 𝑞-calculus [28]. The 𝑞-analogue of any complex
number 𝑛 is given by

[𝑛]𝑞 =
1 − 𝑞𝑛

1 − 𝑞
, 𝑞 ∈ C\ {0, 1} .

𝑞-shifted factorial, 𝑞-factorial and 𝑞-binomial coefficients are defined by the following equalities for 0 <

|𝑞 | < 1

(𝑎; 𝑞)𝑛 =

𝑛−1∏
𝑖=0

(1 − 𝑎𝑞𝑖),

𝑛!𝑞 = [𝑛]𝑞 [𝑛 − 1]𝑞 ... [1]𝑞 , 0!𝑞 = 1,[
𝑛

𝑘

]
𝑞

=
(𝑞; 𝑞)𝑛

(𝑞; 𝑞)𝑘 (𝑞; 𝑞)𝑛−𝑘
=

𝑛!𝑞
𝑘!𝑞 (𝑛 − 𝑘)!𝑞

.

Also, the 𝑞-analogue of exponential function is represented by

𝑒𝑞 (𝑥) =
∞∑︁
𝑛=0

𝑥𝑛

𝑛!𝑞
=

1
((1 − 𝑞)𝑥; 𝑞)∞

(3)

where (𝑎; 𝑞)∞ =
∞∏
𝑖=0

(1 − 𝑎𝑞𝑖) and 0 < |𝑞 | < 1. 𝑞-derivative of a given function 𝑓 is defined by

𝐷𝑞 𝑓 (𝑥) =
𝑓 (𝑞𝑥) − 𝑓 (𝑥)
(𝑞 − 1)𝑥

and the product rule
𝐷𝑞 (𝑔 𝑓 )(𝑥) = 𝑔(𝑞𝑥)𝐷𝑞 [ 𝑓 (𝑥)] + 𝐷𝑞 [𝑔(𝑥)] 𝑓 (𝑥). (4)

Now, we introduce the form of Eulerian generating function and 𝑞-composition of two functions [23, 27].
The set of the Eulerian generating function E𝑞 (𝑛) is in the following form

𝑎𝑛
𝑡𝑛

𝑛!𝑞
+ 𝑎𝑛+1

𝑡𝑛+1

(𝑛 + 1)!𝑞
+ 𝑎𝑛+2

𝑡𝑛+2

(𝑛 + 2)!𝑞
+ ..., (𝑎𝑛 = 1),

where 𝑛 ∈ N0. If 𝑓 ∈ E𝑞 (1), then the 𝑘−th symbolic power 𝑓 [𝑘] of 𝑓 is inductively given by

𝐷𝑞 𝑓
[𝑘] (𝑡) = [𝑘]𝑞 𝑓 [𝑘−1] (𝑡)𝐷𝑞 [ 𝑓 (𝑡)] . (5)
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Here 𝑘 ≥ 1, 𝑓 [0] (𝑡) = 1 and 𝑓 [1] (𝑡) = 𝑓 (𝑡). The 𝑞-composition of 𝑔 with 𝑓 is defined by

𝑔 [ 𝑓 ] =
∞∑︁
𝑛=0

𝑔𝑛
𝑓 [𝑛] (𝑡)
𝑛!𝑞

, (6)

where 𝑔(𝑡) =
∞∑
𝑛=0

𝑔𝑛
𝑡𝑛

𝑛!𝑞 ∈ E𝑞 (0). Moreover, we obtain 𝑔 [𝑡] = 𝑔(𝑡) since 𝑡 [𝑛] = 𝑡𝑛.

The 𝑞-Sheffer polynomial sequence can be defined with the help of the following generating function of
the form

𝑔𝑒𝑞 [𝑥 𝑓 ] =
∞∑︁
𝑛=0

𝑠
(𝑞)
𝑛 (𝑥) 𝑡𝑛

𝑛!𝑞
, (7)

where 𝑔 ∈ E𝑞 (0) and 𝑓 ∈ E𝑞 (1) [23]. It is worthy to note that whenever 𝑞 → 1−, we face with the well-
known Sheffer polynomial sequence. In this paper, first, we investigate the 𝑑-orthogonality of the 𝑞-Sheffer
polynomial sequence given by (7). We obtain necessary and sufficient conditions for 𝑞-Sheffer polynomial
sequence to be 𝑑-orthogonal. Moreover, an example is given as the solution of this characterization problem.

2 𝑑-Orthogonality Condition for 𝑞-Sheffer Polynomials

In this section, we will prove our main result. We will obtain necessary and sufficient conditions for the
𝑑-orthogonality of 𝑞-Sheffer polynomials generated by (7). Note that, taking the 𝑞-derivative of both sides
of the equality (6) in view of (5), it is easy to see that the 𝑞-derivative of 𝑞-composition of two functions
will be [27]

𝐷𝑞𝑔 [ 𝑓 ] = (𝐷𝑞𝑔) [ 𝑓 ] (𝐷𝑞 𝑓 ). (8)

The equality (8) can be seen as the 𝑞-analogue of the chain rule which will be used in the proof of next
theorem.

Theorem 1. The polynomial set
{
𝑠
(𝑞)
𝑛

}
𝑛≥0

generated by (7) is 𝑑-orthogonal if and only if 𝑔 ∈ E𝑞 (0) and
𝑓 ∈ E𝑞 (1) satisfy the following conditions

𝐷𝑞𝑔(𝑡)
𝑔(𝑡) = −

𝑑∑
𝑘=0

𝛽𝑘 𝑡
𝑘

1 +
𝑑+1∑
𝑘=1

𝛼𝑘 𝑡
𝑘

, 𝐷𝑞 𝑓 (𝑡) =
𝑔(𝑡)[

1 +
𝑑+1∑
𝑘=1

𝛼𝑘 𝑡
𝑘

]
𝑔(𝑞𝑡)

(9)

and also 𝛽𝑑 + [𝑛 − 𝑑]𝑞 𝛼𝑑+1 ≠ 0.

Proof. By using (4), taking 𝑞-derivative of both sides of (7) with respect to 𝑡 leads us to

𝑔(𝑞𝑡)𝐷𝑞

(
𝑒𝑞 [𝑥 𝑓 ]

)
+
(
𝐷𝑞𝑔(𝑡)

)
𝑒𝑞 [𝑥 𝑓 ] =

∞∑︁
𝑛=0

𝑠
(𝑞)
𝑛+1(𝑥)

𝑡𝑛

𝑛!𝑞

where we use the fact 𝐷𝑞𝑡
𝑛 = [𝑛]𝑞 𝑡𝑛−1 on the right-hand side of the above equality. If we take the chain
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rule given with (8) into account, we obtain

𝑔(𝑞𝑡)𝑥
(
𝐷𝑞 𝑓 (𝑡)

)
𝑒𝑞 [𝑥 𝑓 ] +

(
𝐷𝑞𝑔(𝑡)

)
𝑒𝑞 [𝑥 𝑓 ] =

∞∑︁
𝑛=0

𝑠
(𝑞)
𝑛+1(𝑥)

𝑡𝑛

𝑛!𝑞
.

After some manipulations, we reach

∞∑︁
𝑛=0

𝑠
(𝑞)
𝑛+1(𝑥)

𝑡𝑛

𝑛!𝑞
=

[
𝑔(𝑞𝑡) (𝐷𝑞 𝑓 (𝑡))

𝑔(𝑡) 𝑥 +
(𝐷𝑞𝑔(𝑡))
𝑔(𝑡)

]
𝑔(𝑡)𝑒𝑞 [𝑥 𝑓 ] . (10)

If we combine the conditions given by (9) with (10), we get

∞∑︁
𝑛=0

𝑠
(𝑞)
𝑛+1(𝑥)

𝑡𝑛

𝑛!𝑞
=


𝑥

1 +
𝑑+1∑
𝑘=1

𝛼𝑘 𝑡
𝑘

−

𝑑∑
𝑘=0

𝛽𝑘 𝑡
𝑘

1 +
𝑑+1∑
𝑘=1

𝛼𝑘 𝑡
𝑘


∞∑︁
𝑛=0

𝑠
(𝑞)
𝑛 (𝑥) 𝑡𝑛

𝑛!𝑞

and so [
1 +

𝑑+1∑︁
𝑘=1

𝛼𝑘 𝑡
𝑘

] ∞∑︁
𝑛=0

𝑠
(𝑞)
𝑛+1(𝑥)

𝑡𝑛

𝑛!𝑞
=

[
𝑥 −

𝑑∑︁
𝑘=0

𝛽𝑘 𝑡
𝑘

] ∞∑︁
𝑛=0

𝑠
(𝑞)
𝑛 (𝑥) 𝑡𝑛

𝑛!𝑞
.

From the last equality, after some calculations and shifting indices, we have

∞∑︁
𝑛=0

𝑠
(𝑞)
𝑛+1(𝑥)

𝑡𝑛

𝑛!𝑞
+

∞∑︁
𝑛=0

[
𝑑+1∑︁
𝑘=1

𝛼𝑘 𝑘!𝑞
[
𝑛

𝑘

]
𝑞

𝑠
(𝑞)
𝑛+1−𝑘 (𝑥)

]
𝑡𝑛

𝑛!𝑞

=

∞∑︁
𝑛=0

𝑥𝑠
(𝑞)
𝑛 (𝑥) 𝑡𝑛

𝑛!𝑞
−

∞∑︁
𝑛=0

[
𝑑∑︁

𝑘=0
𝛽𝑘 𝑘!𝑞

[
𝑛

𝑘

]
𝑞

𝑠
(𝑞)
𝑛−𝑘 (𝑥)

]
𝑡𝑛

𝑛!𝑞
.

Equating the coefficients of 𝑡𝑛

𝑛!𝑞 , we conclude that the following recurrence relation again by shifting indices

𝑠
(𝑞)
𝑛+1(𝑥) =

[
𝑥 − (𝛽0 + 𝛼1 [𝑛]𝑞)

]
𝑠
(𝑞)
𝑛 (𝑥) −

𝑑∑︁
𝑘=1

[
𝛽𝑘

[
𝑛

𝑘

]
𝑞

+ 𝛼𝑘+1 [𝑘 + 1]𝑞
[

𝑛

𝑘 + 1

]
𝑞

]
𝑘!𝑞𝑠(𝑞)𝑛−𝑘 (𝑥).

The above recurrence relation satisfied by 𝑞-Sheffer polynomial set
{
𝑠
(𝑞)
𝑛

}
𝑛≥0

is in the form of (2). Thus,

this means that 𝑞-Sheffer polynomial set
{
𝑠
(𝑞)
𝑛

}
𝑛≥0

generated by (7) is 𝑑-orthogonal with the following
regularity conditions

𝛽𝑑 + [𝑛 − 𝑑]𝑞 𝛼𝑑+1 ≠ 0.

Conversely, if the 𝑞-Sheffer polynomial set
{
𝑠
(𝑞)
𝑛

}
𝑛≥0

is 𝑑-orthogonal, it is easy to obtain the conditions
given with (9) by above calculations. □

Remark 1. For 𝑑 = 1, we meet the orthogonality of 𝑞-Sheffer polynomials characterised by Cheon and
Jung [23]. In [12], Cheikh and Gam treated the limiting case 𝑞 → 1− for general positive integer 𝑑 and
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obtained 𝑑-orthogonality of Sheffer polynomials. Also, by taking 𝑑 = 1 and 𝑞 → 1−, Meixner and Sheffer
found all of the form of the orthogonal Sheffer polynomials in [33] and [34].

Example. Let us assume that 𝛼𝑘 − (𝑞 − 1)𝛽𝑘−1 = 0 for 1 ≤ 𝑘 ≤ 𝑑 + 1 and 𝛽𝑑 ≠ 0. In this case, by using
the 𝑞-derivative of 𝑔(𝑡) and the conditions (9), it becomes

𝑔(𝑞𝑡)
𝑔(𝑡) =

1

1 +
𝑑+1∑
𝑘=1

𝛼𝑘 𝑡
𝑘

(11)

and thus
𝐷𝑞 𝑓 (𝑡) = 1.

So, we obtain 𝑓 (𝑡) = 𝑡. From (11), it can be written as

𝑔(𝑡) = (1 − (1 − 𝑞)𝑥0𝑡) (1 − (1 − 𝑞)𝑥1𝑡)...(1 − (1 − 𝑞)𝑥𝑑𝑡)𝑔(𝑞𝑡)

where 𝑥0, 𝑥1, ..., 𝑥𝑑 ∈ C/{0}. In view of (3), iterating the last equality leads us to

𝑔(𝑡) = 1
𝑒𝑞 (𝑥0𝑡)...𝑒𝑞 (𝑥𝑑𝑡)

.

This means that we recover the generating form of 𝑞-Appell polynomial sets, which are at the same time
𝑑-orthogonal, obtained by Zaghouani [38].

Moreover, if 𝑞 → 1−, the above assumptions turn out to be

𝛼𝑘 = 0 and 𝛽𝑑 ≠ 0

where 1 ≤ 𝑘 ≤ 𝑑 + 1. In this case, 𝑞-derivative operator becomes the derivative operator and so we derive
the following conditions from (9)

𝑔′(𝑡)
𝑔(𝑡) = −

𝑑∑︁
𝑘=0

𝛽𝑘 𝑡
𝑘 and 𝑓 ′(𝑡) = 1.

Integrating both sides gives
𝑔(𝑡) = exp(𝐻𝑑+1(𝑡)) and 𝑓 (𝑡) = 𝑡.

Here, 𝐻𝑑+1(𝑡) is a polynomial of degree 𝑑 + 1 such that the leading coefficient is −𝛽𝑑
𝑑+1 . Indeed, we meet the

characterization of 𝑑-orthogonality of Appell polynomials which was founded by Douak in [24].
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