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Abstract: In this contribution, we define a new operator sequence which contains analytic
functions. Using approximation techniques found by Korovkin, some results are derived. Moreover,
a generalization of this operator sequence called Kantorovich type generalization is introduced.
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1. Introduction

Recently there has been an enormous interest for the extension Szasz operators [1] that are closely
related with the Poisson distribution. By the help of Appell and Sheffer polynomials, the celebrated
generalization of Szasz operators were obtained by Jakimovski-Leviatan [2] and Ismail [3]. Lately, in view
of umbral calculus [4], further developments have been represented in [5-9]. In these contributions, special
functions such as orthogonal polynomials and d-orthogonal polynomials have been used frequently.

In the light of this information, a new sequence of operators yielding the generalization of
Boas—Buck type polynomials [10]

ROIPES ) +o 1) = 16, () 0
]:
is of the form
L 1 S j
) = Rty s )+ o 1) 50 0/ (%) @

where R, ¢, S and ¢ have formal power series representations at the disc |z| < L (L > 1) with the
following exception

S (V) = ZSjVj+1, (SO 7é O) and U(U) = Za}yj+2‘
j=0 j=0

For the positivity and convergence problem of the sequence of operators (2), the following

restrictions are crucial
(1) 4 is a real variable function with the range (0, ),

(2) 0;(x)>0,j=0,1,2,..,
(3) R(1) >0and §' (1) = 1.
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In the next section, convergence properties of the sequence of operators (2) will be discussed and,
moreover, some estimations for approximation results by using a variety of mathematical instruments
will be presented. In the last section, we will define the Kantorovich extension of (2) given by

+1

[~

M 30 = e RS T T ) Yoo [ r@d o

and obtain some results related with this sequence of operators.

2. Some Results Related to the Sequence of Operators

First, we obtain some equalities which will be used in the sequel.

Lemma 1.
Hny(L,x) = 1,
Y (mxS(1) + (1)) R'(1) ¢ (nxS(1)+0c(1)) 1
(&) = s rom) (R(l) T s () v () ” (1)> "
: ¢ (ixS(1) 40 (1)
o (%) = PS03 o () "

=0
yields
1 (e}
() = Ry s+ o) &7 =0

Applying the derivative operator with respect to v leads to

[e9)

Y0 () v =R (1) p (xS (v) +0 (1)) + RW) Y (x5 (v) + 0 (v)) [x8 () + 0" (v)],

j=1



Mathematics 2019, 7, 188 30f10

then a similar approach gives us

Y6 (nx)j =R (1) (n1x8 (1) + ¢ (1)) + R(1) ¢ (1x8 (1) +¢ (1)) [nx8' () +0 ()], @

1 > .
(&0 = Ry tes ) e n &)

¢ (nxS (1) + o (1)) R(1) ¢ (nxS(1)+0(1)) 1
M OETAO) N (R(l) + 7 (1)> P

Since the second derivative of (1) with respect to v is of the following form

o)
"

LO@iG-1v> = R (V) § (xS (V) +0 (V) +2R ()¢ (8 (v) + 0 (v)) [x8 (V) +0 )]
1=
TR ()¢ (xS (1) + 0 (1) [x8 () + 0’ ()]

+R () ¢ (xS (v) + o (1) [x8" (v) + " (v)],

we conclude the below equality by using (4)

i)ej ()2 = [R"(1)+R ()] p (nx8 (1) +0 (1))

f=
+[2R (1) + R()] ¢’ (x5 (1) + ¢ (1)) [nxs (1) + 0" (1)]
FR (1) (mxS (1) + (1)) [nxs (1) + 0" (1]
+R (1) (nx8 (1) + o (1) [nx8" (1) +" (1)].

Hence

Mo (F57) = g ()¢ (nxS (1) + o (1) 72 Jggf (nx)

s o) 5 { 2R (1) + (148" (1)) R ¢/ (nxS (1) + (1))

R(1) ¢ (nxS(1)+0(1))




Mathematics 2019, 7, 188 4 0f 10

Lemma 2.

7

"(nxS (1) + 0 (1)) _1> (R (1)) N Y (xS (1) +o (1)) (1)>
R

Ho(—xx) = < P (nxS (1) +0(1))
Y

o (€= x%x) = $ (1S (1) 1o (1))

+

Proof. The claims hold in view of the following identities immediately
Hu (§—x;x) = Hn (& x) —xHy (1L x),

H, ((fj - x)z;x> =H, ((;‘2; x) —2xH, (& x) + > M, (Lx).
]

Throughout the paper, the below assumptions on the function ¢
lim L(y)zland lim L(y)zl (5)

will be considered. Now, we are on the verge of proving our main theorem.

Theorem 1. Assume that f is continuous on [0, 00) and plus, this function also belongs to the class

(x)
1+ x2

—)A,whenx—)oo}.

Q= { f:
Then, the uniform convergence of the operators sequence (2) is satisfied on the compact subsets of the [0, ), i.e.,

lim H, (f;x) = f (x).

n—o0

Proof. From Lemma 1, it is easy to find
lim H, <§i; x) =x,i=0,1,2.
n—00

This means that these convergences are provided uniformly on the compact subsets of the
non-negative real axis. So, the proof is completed by using the universal Korovkin theorem [11]. O

In the following theorem, we suppose that f is uniform continuous on [0, c0).



Mathematics 2019, 7, 188 50f 10

Theorem 2.

Mo (i) =  (x)] < 20 <f; e ((@—xf;x)),
where w is the modulus of continuity of the function f [12] defined by

w(f;6):= sup [f(x)=fW)l
x,y€(0,00)
|x—y|<é

Proof. Using triangle inequality and applying the well-known property of w (f; ) leads us to

H (i) = F @] = | reygtessrrarmy 50 () (£(4) —f(x))'
= mwesmem & % %) £ (5) - F
- | ©)
< ROPeESTTE) Eogj (nx) (1 +5lE- x’) w (f;9)

= (1 + %R(l)w(nxsl(l)Jra(l)) jgo 0j (nx)

;xD w(f;6).

For the infinite sum, the following result holds by the Cauchy-Schwarz inequality

X(:)Gj(nx) %—x = Z(:]\/Gj(nx),/ej(nx) %—x
J= =

1/2

IN

B (3]

o 1/2
L 0; (nx)]
=0
RM)y

(nxS (1) + o (1)) [Hn ((g - x)z;x)]

1/2

If we consider the last inequality in (6), this provides

Mo (Fi) = £ < (155 [ (€= 2%50)] ) w00,

Here, by taking
1/2

6= [Ma (@-27x)] "
we get the desired result. [

Now, for 0 < p < 1and 11, 172 € [0, ), let us introduce the following class of functions

Lip¥) = {¢: 1o (m) — ¢ (m2)] < K|m —na2l"} -

Theorem 3. Suppose that ¢ € Lipgf), then

NI

[Ho (@3%) = @ ()] < K My (6= 2)57))]
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Proof. Since ¢ € Lip%p), we find

M (95 %) — ¢ (%)) [Hu (@ (5) — @ (x);x)

|
Ha (|9 (8) =9 ()] ;%) @)

z
< KHu (|¢—x|";x).
From (7), it becomes
H 0. o 1 °°9 j P
n(jE—x;x) = R(1)¢ (nx$ (1) +0 (1)) & j (nx) |4 —x
_ 1 ad nx Z%P - gl_xp
= RO o) & 0T G
1

IN

0 00 : 2 %
X[R(l)lp(nxs(l)+a(l))]2{R(l)lp(nxsl(l)+a(1))]§6](nx) %—x }

4
= [ (L) 7 (M (G- 0%0) ]
where we use the Holder inequality. This proves the desired result. [J

Next, we present a theorem related to the quantitative estimation of the sequence of operators (2).
Let us first introduce Rasa’s result and the second order Steklov function which will be used in the
following theorem.

Let z € C%[0,a] and (Ln),>o be a sequence of linear positive operators with the property
Ly (eo;x) = e (x),¢; (§) = &ie {0,1,2}. Then, Rasa’s result is known as

b ) —2 )1 < [ 1 (@ 20) + 3

For f € C|a,b], the second order Steklov function of f is defined by

fi (%) : h/( |t|> (h;x+t)dt, x €ab],

where f (h;.):[a—h,b+h] = R, h>0,by

"
z

Ly ((5,r — x)z;x) .

P_(x) ; a—h<x<a
fix)=9¢ f(x) ; a<x<b
Pi(x) ; b<x<b+h

and P_, P, are the best linear approximations to f on the indicated intervals.

Theorem 4. Let ¢ be a continuous function on [0, 00). Then, it holds that

3 a 212
Mo i)~ p ] < 3 (14545 ) @alom+ ol
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where w» is the second order modulus of continuity of the function ¢ [12] defined by

wy (¢;6) := sup [[@(.+2t) =29 (. +t)+ ().

0<t<s
Proof. From some basic properties of the operators (2) and by simple algebraic computations, we reach
Hou (@5%) = ¢ (x) = Ha (@ = @1 %) + Hu (915 %) — @1 (x) + @1 (x) — ¢ (%)
and so

[Hu (%) =@ (x)| < Hu(lg—@nl;x) + [Hn (¢r;x) — @n ()| + [@n (x) — ¢ (x)]
<

8
21lg — gull + [Hn (@1%) — g1 (1)), ®)

where ¢, is the second order Steklov function of ¢ [13]. It is widely know that ¢, € C?[0,a]. In view
of this fact, we obtained the following expression by Rasa’s result [14] and the Landau inequality

[Hn (pr;x) —op (x)| < (g—x)z;x>+%’(p ((é—x)z;x>
< (2ol +or])) /7 (16— 273)
+3 ((€—xx) ©)

< (3ol + en (o) o700 (1€ =2 5x)
3 fan (g3h) Ho (6~ 2)%57)

According to Zhuk [13], there is a connection between the second order Steklov function and
wy (@; h) as follows

3
19 = @ull < Jw2 (@:h).

Using this inequality and (9) in (8) give us

IN

M (1)~ 9 ()] < 209~ il + [Hor () — 91 ()
San o)+ (2o + 3 rn o))\ (€= 20730)

—i—%hl—zwz (p;h) Hy (((;‘ — x)Z;x) .

IN

Finally, we get

IN

[Hn (@;%) — @ (x)]

s o)+ (2ol + 5 jper (o)) 2
4]12 ( )

2

2

W
_ <1+ + >w2 oih +—||q0||

where h = Q/?-I,n ((@—x)2;x). O

3. A Further Extension of Sequence of Operators H,

In this section, some results related to the sequence of operators (3) are analyzed. First, let us
introduce the following useful lemma.
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Lemma 3.
Hy(Lx) = 1,

MG = M)+ 50

x (22, _ 2. 1 . 1
Hy (65x) = Ha (&%) + o Ha (G2) + e
where H,, is defined by (2).

Proof. These assertions are easily acquired by considering the sequence of operators (3) and Lemma 1. [

A similar approach used in Lemma 2 leads us to the following result.
Remark 1.

Hy(G—xx) = Hy (C—X;x)+%,

* 2. _ 2. 1 o L
H (((j x) ,x) = H, ((é x) ,x) + n?-l,n (E—x;x)+ 3
Theorem 5. Assume that f is continuous on [0, 00) and belongs to the class

(x)
1+ x2

%A,whenx%oo},

Q:{f:

Then, the uniform convergence of the operators sequence (3) is satisfied on the compact subsets of the
[0,00), ie.,
lim 75 (fix) = f (x).

n—oo

Proof. From Lemma 3, it is easy to find

lim 7 (gf; x) = i=012

n—oo

This means that these convergences are provided uniformly on the compact subsets of the
non-negative real axis. So, the proof is completed by using the universal Korovkin theorem [11]. O

In the following theorem, we suppose that f is uniform continuous on [0, o).

Theorem 6.

[ (fi) = f ()] < 20 (f; V(- x)z;x)> ,
where w is the modulus of continuity [12].

Proof. Using the triangle inequality and applying the well-known property of w (f; ) leads us to

1
M (f;x) = f (O] < rawpmsmrea .2091' (nx) [ |f(2) = f(x)]dg
= i
1
< ROGORSETEM) X 0; (nx) | (1 +516- x|> w (f;6)dg (10)
= i

)
= (1 + 3 RO M) L 0 (nx) ]f [ dé) w (£;9)-
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For the infinite sum, the following result holds by the Cauchy-Schwarz inequality

1 i1 2
1 00 n 2
0 ( —xldf < —=)6; §—x)7dg
]Z nx / x| \/ﬁ];] i (nx) /( x)
1
< —\/ﬁ\/R(l) P (nxS (1 \/Hn 1 x)

W LIOTITE uHJ(lW”Z )

n

If we consider the last inequality in (10), this provides

75 (F52) - f()|<<1+ J# (@7 )) (739).

5= \/H;’é ((C*X)Z;X),

Here, by taking

we get the following desired result

i (f3%) = f ()] < 2 <f; e ((@—x)z;x)> .
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