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Abstract

In this work, the magnetic reconnection model near null points in 3D space will be investigated using
fractional calculations in the 3D magnetohydrodynamic framework. For the initial magnetic
configuration (without external currents), we reformulated the numerically solved boundary initial
value problem using fractional calculations. We studied the 3D Magnetic reconnection states and the
behavior of the magnetic field around the null point and the null line. We also analyzed the fractional
significance of charged particle motions in Killing magnetic fields. Moreover, the obtained results
were visualized, and a comparison was made between the results obtained from integer and fractional
calculations.

1. Introduction

The huge variety of phenomena described by the equations of magnetic hydrodynamics, and the processes of
reconnection of magnetic field lines in a highly conductive plasma are of particular interest. Magnetic
reconnection can occur in those areas where the lines of force come close to each other in different directions of
the magnetic field, i.e. in areas with high electric current density. In external inhomogeneous magnetic fields, the
convergence of opposite lines of force, magnetic reconnection processes, and the concentration of electric
current are possible in the vicinity of special lines of force, the most famous examples of which are the zero lines
of the magnetic field. Such configurations and magnetohydrodynamic flows in them began to be discussed in the
literature in [1-4].

Fractional differential equations have become a rather attractive research area due to having a vast of
application areas. We can give some of these application areas in medicine [5], pharmacokinetics [6, 7], physics
[8—12], biology [13, 14], epidemic models [ 15—17], nuclear magnetic resonance systems [ 18—23].

The fractional derivative was born as a result of L’'Hospital’s search for an answer to Leibniz’s question of the
meaning of the 1/2 order. First, in a serious sense, Caputo started with the fractional derivative. The most
important advantage of Caputo over Riemann-Liouville is that the fractional derivative of a constant is zero and
the initial conditions have integer order. In recent years, fractional analysis has made great progress both in
theory and in practice [24-27]. One of the advantages of fractional derivatives over integer derivatives is that they
are nonlocal and have a memory effect. There are many studies explaining that applications of fractional
derivatives give more precise results than classical applications [5, 15—17]. Also, we need some numerical
methods [28-31,32, 33] since it does not seem possible to find analytical solutions to fractional differential
equations.

Generally speaking, fractional applications are formulated according to a more complex model than an
integer one, so to obtain information about the geometry of the model, they can be plotted and the
corresponding model analyzed. This approach is given by milici and Machado, [34]. In [35, 36], Has et al
investigated the many special curves by using conformable fractional derivatives. Electromagnetic curves and
some special magnetic curves with the help of fractional derivatives, [37-39].
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2. Three-dimensional null points with fractional calculus

In this section, firstly, we introduce the three-dimensional null point characterizations and then we investigate
the behavior of the magnetic field lines near the null (neutral) points of the magnetic field via fractional calculus.
Furthermore, we will visualize the results of integer and fractional derivatives representing the behavior of
magnetic field lines near the null point through mathematical programs.

Null points are locations where the magnetic field vanishes, that is E singular or v_L singular. A null point can
occur whether the magnetized medium is a conducting plasma or a neutral gas. Through this work, we use the
notion for the magnetic field, denoted as B. Since the magnetic field is a divergence free vector field, it satisfies the
Gauss law V. B = 0. The magnetohydrodynamic (MHD) form of Ohms law is given as follows:

E+vxB=n],

where E, v, B, J and n denote electric field, velocity, magnetic field, current density and vacuum permeability,
respectively.

The behavior of the magnetic field lines near the null points can be characterized by the Taylor expansion
(for x = 0) of the magnetic field B. Thus we can write B(x) = (0B)x, here 6B = [%], i€{1,2,3}.

The matrix 0B has three eigenvalues A, A, As. Through these eigenvalues, the behaviour of the magnetic
field lines near the null points is given as follows:

1. Let us take one of the eigenvalues A; without breaking the generality, if A\; = 0 then the sum of the other
two eigenvalues \,, A; must be zero.

i. When )\, and \; arereal, thisisan X — point.

ii. When ), and \; are complex, thisis an O — point.

2. Ifall three eigenvalues A;, Ay, A; are real then we have

i. When they are (+, — , — ), it is called as type A.

ii. When theyare (—, + , + ), it is called as type B.

3. One of the eigenvalues is real (say A;) and the other two eigenvalues are complex.

i. If \; > O then the null called as type A,.

ii. If A} < 0 then the null called as type B; (see for details, [40]).

In three-dimensional space, the magnetic field line associated with B can be obtained as the solution of the
following differential equation

Ox Jy 0z or

=B, —=B,, — =B, or
ot ot 7ot “ ot

Also, the differential equation for magnetic field lines of the magnetic field B = B0, + B,0, + B0, given as
dx _dy _ dz

B. B, B,

= B.

Then, we write the most general expression for a current-free field:
B = (aix 4+ biy + az)0; + (ax + byy + 62)0, + (asx + bsy — (a1 + b2)2)0.. (1)
Then the fractional differential equations satisfy
D% = By, D% = By, D°z = B,, 2)

where the fractional derivative D, defined as Caputo fractional derivative of order 0 < o < 1 for asmooth
function f(¢) is defined as follows

1 S
DS ) = s J G W ©

anda;, by, ¢;fori = {1, 2, 3} satisfy the conditions b; = a,, ¢; = a3, ¢, = b3, c; = — (a; + b,), are five independent
parameters. This field is characterized by a symmetric matrix

a bl (o]
6B = ap bz (%)
as by —(a + by)

The characteristic equation determining its eigenvalues has the form
PN)=X¥—-—pA\—gq=0
where

p=af + aby+ b5+ b + 5+ cfs (4)
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Figure 1. Behavior of the magnetic field lines near the null point (O-point) for & = 0.4, & = 0.8, & = 0.95, & = 0.99 for given initials
x(0) = 1,(0) = 1,2(0) = 1.

q = 2bibsa + (b7 — aby)(a + by) — (a3 + bac). ©)

We construct an orthonormal basis {e}, e,, e3} from the eigenvectors of the matrix 6B and write in magnetic field

B = )\1561 + )\27’]62 + )\31/62

where \;, i = 1, 2, 3, are the eigenvalues of the matrix 6B, the sum of which is equal to zero

N+ XN+ X=0, (6)

and & )\, vare some constants.

Next, we provide some motivated examples and visualize them using mathematical programs. In
figures 2—5, the red-colored curves correspond to the fractional solutions, while the black-colored curves
represent the integer solutions of the corresponding equations.

Example 2.1. Firstly, we take the circular magnetic field B = z0, — x0,. In three-dimensional space, the
magnetic field line associated with B can be obtained as the solution of the following differential equation

6_xzz)a_y:(),%:—x‘ (7)
ot ot ot
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Figure 2. Behavior of the magnetic field lines near the null point (X-point) for & = 0.3, « = 0.7, @ = 0.8, @ = 0.9 for given initials
x(0) = — 5.9, y(0) = 0,2(0) = 6.

The integer solution of the equation (7) obtained as,

X(t) = (aycost + apsint)Ox + az0) + (aycost — a;sint)0;, (8)
wherea;, i = {1, 2, 3} arereal constants. The fractional solution of the equation (7) is computed as follows;
x(t) = 297 Epa 00 (—17) + 197 B0 (=179, ©)
ta—l
y (1) = T’ (10
z(t) = =12 Exaa (=12 + 12 Eyg 0 (—179), (11)

_ © x—1,— _ xk L
where I'(x) = fo t*"le7'dt, x € RTand E;j(x) = Yo0°_ 0Ty >0,x€C.
Then we obtain the following magnetic field lines. These are illustrated in figure 1.

Example 2.2. Secondly, we take the hyperbolic magnetic field B = z0, + x0,. Then the magnetic field line
associated with B can be obtained as the solution of the following differential equation
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Figure 3. Behavior of the magnetic field lines near the null point (As or Bs-point) for « = 0.87, &« = 0.9, &« = 0.97, o = 0.99, for given
initials x(0) = 1, »(0) = 1, 2(0) = 1.

0x Yy 0z (12)

= 4, =V, = X.

ot ot o

The integer solution of the equation (12) obtained as

X(t) = (aycosht + a,sinht) 0, + a30, + (a; cosht + a;sinht)0d,. (13)

The fractional solution of the equation (12) is obtained by

x(t) = t*7'Ey o (1Y), (14)
tozfl

y(t) = T (15)

(16)

z(t) = t* 7 Eq o (t).
Then we obtain the following magnetic field lines. These are illustrated in figure 2.
Example 2.3. Finally, we take the spiral magnetic field B = (—x + )0 + (=x + 2y — 22)0, + 2y — 2)0..
In three-dimensional space, the magnetic field line associated with B can be obtained as the solution of the
following differential equation

Ox
ot

:—x—}-y,%:—x—i—Zy—Zz,%:Zy—z. (17)
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Figure 4. Behavior of the magnetic field lines near the null point (A or B-point) for & = 0.3, = 0.7, & = 0.8, a = 0.95 for given

= 0.7 and for given initials x(0) = 0.1, »(0) = 0.1, z(0) = 0.5.

One of the integer solutions of the equation (17) obtained as

Y(t) = exp(%)

3 — V11 V11t 34+ JI11) . V11t
Ccos —+ sin s
10 2 10 2
V11t . N1t
cOs——— + sin———,
2 2
3 — V11 V11t 34 V11 ). V11t
5 cos : + P sin 3

The fractional solution of the (17) is calculated as Fractional version of example 2.3

oo o0

=3r=24("}")

x(t) = £ IS

n=0k=0

y(t) — _2t2a—1§§:

-3(

I'Cka + 3(n + 1)

n+k)
k

oo o0

ta(2k+3n) + ta—lz Z

n—ok—o L Cka + 3(n + Do — 2a)

i—oi—o L'tka +2(n + Do — )

ta(k+2n) + o

=31 =24"}")

Ty

(_3)n(n:k

ta(2k+3n)

(18)

ta(k+2n)

oo L'tka + 2(n + Do — «)

19)
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Z(t) :_tStkfli i (—3)”(—2)k(n:k) t(z(2k+3n) + tZ(yflii (—3)"(—2)k(n:k) t(x(2k+3n)
i—oi—o I'Cka 4+ 3(n + 1N a) —oi—o L' ko +3(n + o — o)
s ()
i—oi—o I'Qka + 3(n + 1o — 20)
(20)

Then we obtain the following magnetic field lines. These are illustrated in figure 3.

One of the eigenvalues of the matrix associated with the magnetic field Bis real and the other two are
complex numbers. Thus, the resulting magnetic field lines are spirals.

3. Magnetic reconnection near the neutral points

A divergence-free vector field (VB = 0) defined as a magnetic field. Since the Killing vector field are divergence
free vector field, they define magnetic vector field called Killing magnetic vector field in three dimensional space.
Magnetic reconnection is a basic process where the magnetic field becomes restructured in many areas of plasma
physics. The global topology of the magnetic field changes at null points. Our approach was to model this
restructuring using fractional techniques to better understand the evolution. Reconnection takes place in two
dimensions at hyperbolic null points of the hyperbolic magnetic field (for example [40, 41] for review), which are
commonly known as X-points (see figures 1 and 4). The reconnection can be explained as follows: The magnetic
field lines are carried towards the X-point by a plasma flow; where the field lines carried on either side of the zero
point are broken as soon as they extend along the separators of the field. The flow then carries the reconnected
magnetic field lines away from the X-point, whose endpoints are now mutually connected in pairs.

Example3.1.Let B = x0, + (py — jz)0, — (p + 1)z0, be a magnetic field, then the magnetic field line
associated with B can be obtained as the solution of the following differential equation

%:x, %:py—jz, %:—mnz. @1

The integer solution of the equation (21) gives hyperbolic magnetic field,
X(1) = qe'dy + gel'd, + ;e PV, (22)

The fractional solution of the equation (21) is obtained as
x(t) = t* 'En (), (23)
y(t) = t* o0 (pt®), (24)
20 = 2B + 2 (- + Do, (25)
p+2 p+2

Then we obtain the following magnetic field lines illustrated in figure 4.

4. Fractional meanings of the motion of a charged particle in the parallel Killing
magnetic field

Magnetic curves are special curves most studies have done related to these curves (see, [42—48]) When a charged
particle enters the magnetic field, a force called the Lorentz force occurs, the particle follows a trajectory called a
magnetic curve in response to the Lorentz force. The magnetic field is closed 2-form which gives the following
equation for all X = (xy, x5, x3), Y = (31, ¥2, ¥3) is the form

gF(X), Y) = F(X, Y). (26)

In 3-dimensional spaces, since vector fields with zero-divergence define magnetic fields, the Lorentz force on
the magnetic field vector B for all X = (x1, x,, x3) is ®; can be given by the following formula:

O (X) =B x X. (27)
The magnetic curves obtained from here are obtained as the solution of the following equation
Oy (t*) = B x t* = Viet?, (28)

where V is the Levi-Civita connection, t* is the tangent vector of the magnetic field.

7
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Figure 5. Circular charged particle trajectories of the magnetic field B for & = 0.1, @« = 0.5, & = 0.7, a = 0.9 for given initials
x(0) = 0.1, y(0) = 0.1, 2(0) = 0.5. In figures, the black one is the integer solution of the equation (30).

Let ybe a unit speed fractional magnetic curve associated with the magnetic field Bif and only if B can be
written as

B = Ot® + kb, (29)

where t tangent vector, b binormal vector of v, and € is a constant function of the angle at which the charged
particle enters the magnetic field [49]. Now let’s determine the magnetic curves associated with the parallel
Killing vector field using fractional computation. Without compromising the generality, let us take the parallel
Killing magnetic field B = 0,, then we get the following differential equations

DY(D%x(t)) = D% (1),

DD (1)) = =D (1),

D*(Dz(t)) = 0. (30)
The fractional solution of the equation (30) is obtained by

x(0) = [0 B (=12 + 17 Eaq 0 (—12), (31)

y(6) = = [0 Brua (=17 4 17 B0 (—12), (32)

ta—l
2(t) = f (F(a) ) (33)
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(c) (d)

Figure 6. Charged particle trajectories of the magnetic field B for &« = 0.005, e = 0.3, & = 0.5, @ = 0.9 for given initials x(0) = 0.1,
¥(0) = 0.1, 2(0) = 0.5.In figures, the black one is the integer solution of the equation (30).

Then we obtain the following magnetic field lines illustrated in both figure 5 and figure 6. In figure 5, we show the
behavior of the charged particle in the magnetic field B (blue) when the particle enters the magnetic field B with
the perpendicular angle (resp. 2 = 0). We can say that the particle follows a circular trajectory for the integer
solutions and a spiral trajectory for fractional solutions. In figure 6, we demonstrate the behavior of the charged
particle in the magnetic field B when the particle enters the magnetic field B for all angles not equal to 90° (resp.
Q = const). We can conclude that the particle follows a helical trajectory for the integer solutions and a spiral-
helical trajectory for fractional solutions.

As seenin figure 1, for a circular magnetic field lines associated with an O-point null point are obtained when
o = 1, while spiral magnetic field lines are obtained when o value is in the range of 0 < o < 1. In figure 2, the
effects of a magnetic field line acting as an X-point according to the o value in the fractional derivative. We show
that the behavior around the null point is spiral according to the « value in the fractional derivative, they are
(spiral (As or Bs)-point) visualized according to the a value in figure 3. In addition, the magnetic reconnection
around the null points is examined with the help of the fractional derivative, and the results were drawn by
comparing the initial magnetic field line in figure 4. In section 4, the behavior of a charged particle in a parallel
Killing magnetic field is interpreted with a fractional derivative. A charged particle follows a right circular-helix
trajectory along a parallel magnetic field in Euclidean space. Moreover, the axis of this helix is the given parallel
Killing vector field [41, 49]. According to the results made with fractional derivative, while the value of cvis in the

9
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range of 0 < a < 1, the particle follows a trajectory in the form of a spiral-helix curve. Again, the axis of this
spiral-helix is parallel to the Killing vector field. The results obtained here are visualized in figure 6. As aresult,
we can interpret the motion of a charged particle in a magnetic field of the fractional derivative when «a value is in
the range of 0 < a < 1 as follows: If the tangential vector field of the charged particle enters the magnetic field at
right angles, the particle follows a circular trajectory in the magnetic field when o = 1, while it follows a spiral-
shaped trajectory when 0 < o < 1. If the tangential vector field of the charged particle enters the magnetic field at
aconstant angle (not right angle), while o = 1, the particle follows a helix-shaped trajectory in the magnetic field,
whileat 0 < « < 1, it follows a spiral-helix-shaped trajectory.

5. Conclusions

In this paper, the effects of fractional calculus on the behavior of magnetic field lines around null points are
investigated. Examined results are visualized with the help of mathematical programs. In practice, the fractional
derivative method can be used to monitor the stages of the magnetic field lines that reach that procedure up until
the first derivative is attained. Hence, it is possible to obtain that we are observing the evolution stages of
magnetic field lines as they transition into the first derivative state through the utilization of the fractional
derivative. After that, we examined charged-particle motions near the null points. So, we investigated the
reconnection resulting from this point around the null point using the fractional analysis method. We visualized
the examples to see the tendency of the system clearly. For instance, it should be noted that the fractional
derivative helped the curve represented as circular in the first derivative case, changing it from a spiral to a
circular shape. On the other hand, in another case, the orbit, which initially is helical in the first derivative,
becomes helical-spiral until it reaches the first derivative. Given this paper, we believe that surfaces surrounding
these null points can be studied in the future, or that quaternion algebra can be used to investigate motions.

Data availability statement

The data cannot be made publicly available upon publication because no suitable repository exists for hosting
data in this field of study. The data that support the findings of this study are available upon reasonable request
from the authors.
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