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Abstract
In this work, themagnetic reconnectionmodel near null points in 3D spacewill be investigated using
fractional calculations in the 3Dmagnetohydrodynamic framework. For the initialmagnetic
configuration (without external currents), we reformulated the numerically solved boundary initial
value problemusing fractional calculations.We studied the 3DMagnetic reconnection states and the
behavior of themagneticfield around the null point and the null line.We also analyzed the fractional
significance of charged particlemotions inKillingmagnetic fields.Moreover, the obtained results
were visualized, and a comparisonwasmade between the results obtained from integer and fractional
calculations.

1. Introduction

The huge variety of phenomena described by the equations ofmagnetic hydrodynamics, and the processes of
reconnection ofmagnetic field lines in a highly conductive plasma are of particular interest.Magnetic
reconnection can occur in those areaswhere the lines of force come close to each other in different directions of
themagneticfield, i.e. in areas with high electric current density. In external inhomogeneousmagnetic fields, the
convergence of opposite lines of force,magnetic reconnection processes, and the concentration of electric
current are possible in the vicinity of special lines of force, themost famous examples of which are the zero lines
of themagnetic field. Such configurations andmagnetohydrodynamic flows in thembegan to be discussed in the
literature in [1–4].

Fractional differential equations have become a rather attractive research area due to having a vast of
application areas.We can give some of these application areas inmedicine [5], pharmacokinetics [6, 7], physics
[8–12], biology [13, 14], epidemicmodels [15–17], nuclearmagnetic resonance systems [18–23].

The fractional derivative was born as a result of L’Hospital’s search for an answer to Leibniz’s question of the
meaning of the 1/2 order. First, in a serious sense, Caputo startedwith the fractional derivative. Themost
important advantage of Caputo over Riemann-Liouville is that the fractional derivative of a constant is zero and
the initial conditions have integer order. In recent years, fractional analysis hasmade great progress both in
theory and in practice [24–27]. One of the advantages of fractional derivatives over integer derivatives is that they
are nonlocal and have amemory effect. There aremany studies explaining that applications of fractional
derivatives givemore precise results than classical applications [5, 15–17]. Also, we need some numerical
methods [28–31,32, 33] since it does not seempossible tofind analytical solutions to fractional differential

equations.
Generally speaking, fractional applications are formulated according to amore complexmodel than an

integer one, so to obtain information about the geometry of themodel, they can be plotted and the
correspondingmodel analyzed. This approach is given bymilici andMachado, [34]. In [35, 36], Has et al
investigated themany special curves by using conformable fractional derivatives. Electromagnetic curves and
some specialmagnetic curves with the help of fractional derivatives, [37–39].
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2. Three-dimensional null points with fractional calculus

In this section, firstly, we introduce the three-dimensional null point characterizations and thenwe investigate
the behavior of themagnetic field lines near the null (neutral) points of themagnetic field via fractional calculus.
Furthermore, wewill visualize the results of integer and fractional derivatives representing the behavior of
magnetic field lines near the null point throughmathematical programs.

Null points are locationswhere themagnetic field vanishes, that isE singular or v⊥ singular. A null point can
occurwhether themagnetizedmedium is a conducting plasma or a neutral gas. Through this work, we use the
notion for themagnetic field, denoted asB. Since themagnetic field is a divergence free vector field, it satisfies the
Gauss law∇. B= 0. Themagnetohydrodynamic (MHD) formofOhms law is given as follows:

h+ ´ =E v B J,

where E, v,B, J and η denote electric field, velocity,magnetic field, current density and vacuumpermeability,
respectively.

The behavior of themagnetic field lines near the null points can be characterized by the Taylor expansion

(for x= 0) of themagnetic fieldB. Thuswe canwriteB(x)= (δB)x, here d = ¶
¶

B B

x
i

i
[ ], i ä {1, 2, 3}.

Thematrix δB has three eigenvaluesλ1,λ2,λ3. Through these eigenvalues, the behaviour of themagnetic
field lines near the null points is given as follows:

1. Let us take one of the eigenvaluesλ1 without breaking the generality, ifλ1= 0 then the sumof the other
two eigenvaluesλ2,λ3must be zero.

i. Whenλ2 andλ3 are real, this is anX− point.
ii. Whenλ2 andλ3 are complex, this is anO− point.
2. If all three eigenvaluesλ1,λ2,λ3 are real thenwe have
i. When they are (+,− ,− ), it is called as type A.
ii. When they are (−,+ ,+ ), it is called as type B.
3. One of the eigenvalues is real (sayλ1) and the other two eigenvalues are complex.
i. Ifλ1> 0 then the null called as type As.
ii. Ifλ1< 0 then the null called as type Bs (see for details, [40]).
In three-dimensional space, themagnetic field line associatedwithB can be obtained as the solution of the

following differential equation

¶
¶

=
¶
¶

=
¶
¶

=
¶
¶
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t
B
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t
B
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t
B
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t
B, , or .x y z

Also, the differential equation formagnetic field lines of themagnetic fieldB= Bx∂x+ By∂y+ Bz∂z given as

= =
dx

B

dy

B

dz

B
.

x y z

Then, wewrite themost general expression for a current-free field:

= + + ¶ + + + ¶ + + - + ¶B a x b y c z a x b y c z a x b y a b z . 1x y z1 1 1 2 2 2 3 3 1 2( ) ( ) ( ( ) ) ( )

Then the fractional differential equations satisfy

= = =a a aD x B D y B D z B, , , 2x y z ( )

where the fractional derivativeDαdefined as Caputo fractional derivative of order 0< α� 1 for a smooth
function f (t) is defined as follows

òa
=

G - -
¢a a

D f t
t x

f x dx
1

1

1
, 3

t

0
( )

( ) ( )
( ) ( )

and ai, bi, ci for i= {1, 2, 3} satisfy the conditions b1= a2, c1= a3, c2= b3, c3=− (a1+ b2), are five independent
parameters. This field is characterized by a symmetricmatrix

d =
- +

B
a b c
a b c
a b a b

1 1 1

2 2 2

3 3 1 2

⎡
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⎢
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⎤

⎦
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The characteristic equation determining its eigenvalues has the form

l l l= - - =P p q 03( )

where

= + + + + +p a a b b b c c , 41
2

1 2 2
2

1
2

2
2

1
2 ( )
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= + - + - +q b b c b a b a b a c b c2 . 51 3 1 1
2

1 2 1 2 1 2
2

2 1
2( )( ) ( ) ( )

Weconstruct an orthonormal basis {e1, e2, e3} from the eigenvectors of thematrix δB andwrite inmagnetic field

l x l h l n= + +B e e e1 1 2 2 3 2

whereλi, i= 1, 2, 3, are the eigenvalues of thematrix δB, the sumofwhich is equal to zero

l l l+ + = 0, 61 2 3 ( )

and ξ,λ, ν are some constants.
Next, we provide somemotivated examples and visualize themusingmathematical programs. In

figures 2–5, the red-colored curves correspond to the fractional solutions, while the black-colored curves
represent the integer solutions of the corresponding equations.

Example 2.1. Firstly, we take the circularmagnetic field = ¶ - ¶B z xx z . In three-dimensional space, the
magnetic field line associatedwithB can be obtained as the solution of the following differential equation

¶
¶

=
¶
¶

=
¶
¶

= -
x

t
z

y

t

z

t
x, 0, . 7( )

Figure 1.Behavior of themagnetic field lines near the null point (O-point) forα = 0.4,α = 0.8,α = 0.95,α = 0.99 for given initials
x(0) = 1, y(0) = 1, z(0) = 1.
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The integer solution of the equation (7) obtained as,

= + ¶ + ¶ + - ¶X t a t a t a a t a tcos sin cos sin , 8x y z1 2 3 2 1( ) ( ) ( ) ( )

where ai, =i 1, 2, 3{ }are real constants. The fractional solution of the equation (7) is computed as follows;

= - + -a
a a

a a
a a

a- -x t t E t t E t , 92 1
2 ,2

2 1
2 ,

2( ) ( ) ( ) ( )

a
=

G

a-
y t

t
, 10

1

( )
( )

( )

= - - + -a
a a

a a
a a

a- -z t t E t t E t , 112 1
2 ,2

2 1
2 ,

2( ) ( ) ( ) ( )

where òG =
¥ - -x t e dtx t

0
1( ) , Î +x and = å =

¥
G +

E xi j k
x

ik j, 0

k

( )
( )

, > Î i j x, 0, .

Thenwe obtain the followingmagnetic field lines. These are illustrated infigure 1.

Example 2.2. Secondly, we take the hyperbolicmagnetic field = ¶ + ¶B z xx z . Then themagnetic field line
associatedwithB can be obtained as the solution of the following differential equation

Figure 2.Behavior of themagnetic field lines near the null point (X-point) forα = 0.3,α = 0.7,α = 0.8,α = 0.9 for given initials
x(0) = − 5.9, y(0) = 0, z(0) = 6.
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¶
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t
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x, 0, . 12( )

The integer solution of the equation (12) obtained as

= + ¶ + ¶ + + ¶X t a t a t a a t a tcosh sinh cosh sinh . 13x y z1 2 3 2 1( ) ( ) ( ) ( )

The fractional solution of the equation (12) is obtained by

= a
a a

a-x t t E t , 141
,( ) ( ) ( )

a
=

G

a-
y t

t
, 15

1

( )
( )

( )

= a
a a

a-z t t E t . 161
,( ) ( ) ( )

Thenwe obtain the followingmagnetic field lines. These are illustrated infigure 2.

Example 2.3. Finally, we take the spiralmagnetic field = - + ¶ + - + - ¶ + - ¶B x y x y z y z2 2 2x y z( ) ( ) ( ) .
In three-dimensional space, themagnetic field line associatedwithB can be obtained as the solution of the
following differential equation

¶
¶

= - +
¶
¶

= - + -
¶
¶

= -
x

t
x y

y

t
x y z

z

t
y z, 2 2 , 2 . 17( )

Figure 3.Behavior of themagnetic field lines near the null point (As or Bs-point) forα = 0.87,α = 0.9,α = 0.97,α = 0.99, for given
initials x(0) = 1, y(0) = 1, z(0) = 1.
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One of the integer solutions of the equation (17) obtained as
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The fractional solution of the (17) is calculated as Fractional version of example 2.3
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Figure 4.Behavior of themagnetic field lines near the null point (Aor B-point) forα = 0.3,α = 0.7,α = 0.8,α = 0.95 for given
systemparametersB0 = 0.8; L = 3; j = 1; p = 0.7 and for given initials x(0) = 0.1, y(0) = 0.1, z(0) = 0.5.
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Thenwe obtain the followingmagnetic field lines. These are illustrated infigure 3.

One of the eigenvalues of thematrix associatedwith themagnetic fieldB is real and the other two are
complex numbers. Thus, the resultingmagnetic field lines are spirals.

3.Magnetic reconnection near the neutral points

Adivergence-free vector field (∇B= 0) defined as amagnetic field. Since theKilling vector field are divergence
free vector field, they definemagnetic vector field calledKillingmagnetic vector field in three dimensional space.
Magnetic reconnection is a basic process where themagnetic field becomes restructured inmany areas of plasma
physics. The global topology of themagnetic field changes at null points. Our approachwas tomodel this
restructuring using fractional techniques to better understand the evolution. Reconnection takes place in two
dimensions at hyperbolic null points of the hyperbolicmagnetic field (for example [40, 41] for review), which are
commonly known asX-points (seefigures 1 and 4). The reconnection can be explained as follows: Themagnetic
field lines are carried towards theX-point by a plasma flow;where thefield lines carried on either side of the zero
point are broken as soon as they extend along the separators of thefield. Theflow then carries the reconnected
magnetic field lines away from theX-point, whose endpoints are nowmutually connected in pairs.

Example 3.1. Let = ¶ + - ¶ - + ¶B x py jz p z1x y z( ) ( ) be amagnetic field, then themagnetic field line
associatedwithB can be obtained as the solution of the following differential equation

¶
¶

=
¶
¶

= -
¶
¶

= - +
x

t
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y

t
py jz

z

t
p z, , 1 . 21( ) ( )

The integer solution of the equation (21) gives hyperbolicmagnetic field,

= ¶ + ¶ + ¶- +X t c e c e c e . 22t
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p t
z1 2 3
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The fractional solution of the equation (21) is obtained as

= a
a a

a-x t t E t , 231
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+

+
+
+

- +
a

a a
a

a a
a

-
z t

t

p
E t

p

p
E p t

2

1

2
1 . 25

1
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Thenwe obtain the followingmagnetic field lines illustrated infigure 4.

4. Fractionalmeanings of themotion of a charged particle in the parallel Killing
magneticfield

Magnetic curves are special curvesmost studies have done related to these curves (see, [42–48])When a charged
particle enters themagnetic field, a force called the Lorentz force occurs, the particle follows a trajectory called a
magnetic curve in response to the Lorentz force. Themagnetic field is closed 2-formwhich gives the following
equation for allX= (x1, x2, x3),Y= (y1, y2, y3) is the form

=g F X Y F X Y, , . 26L( ( ) ) ( ) ( )

In 3-dimensional spaces, since vector fields with zero-divergence definemagnetic fields, the Lorentz force on
themagneticfield vectorB for allX= (x1, x2, x3) isΦL can be given by the following formula:

F = ´X B X. 27L( ) ( )

Themagnetic curves obtained fromhere are obtained as the solution of the following equation

F = ´ = a a aaBt t t , 28L t( ) ( )

where∇ is the Levi-Civita connection, tα is the tangent vector of themagnetic field.
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Let γ be a unit speed fractionalmagnetic curve associatedwith themagnetic fieldB if and only ifB can be
written as

kW +a aB t b , 29≔ ( )

where tα tangent vector, bα binormal vector of γ, andΩ is a constant function of the angle at which the charged
particle enters themagnetic field [49]. Now let’s determine themagnetic curves associatedwith the parallel
Killing vector field using fractional computation.Without compromising the generality, let us take the parallel
Killingmagnetic fieldB= ∂z, thenwe get the following differential equations

=
=-
=

a a a

a a a

a a

D D x t D y t

D D y t D x t

D D z t

,

,

0. 30

( ( )) ( )
( ( )) ( )
( ( )) ( )

The fractional solution of the equation (30) is obtained by
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ò a
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G
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z t

t
. 33
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⎝

⎞
⎠

( )
( )

( )

Figure 5.Circular charged particle trajectories of themagnetic fieldB forα = 0.1,α = 0.5,α = 0.7,α = 0.9 for given initials
x(0) = 0.1, y(0) = 0.1, z(0) = 0.5. In figures, the black one is the integer solution of the equation (30).
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Thenwe obtain the followingmagnetic field lines illustrated in bothfigure 5 andfigure 6. Infigure 5, we show the
behavior of the charged particle in themagnetic fieldB (blue)when the particle enters themagnetic fieldBwith
the perpendicular angle (resp.Ω= 0).We can say that the particle follows a circular trajectory for the integer
solutions and a spiral trajectory for fractional solutions. Infigure 6, we demonstrate the behavior of the charged
particle in themagnetic fieldBwhen the particle enters themagnetic fieldB for all angles not equal to 90° (resp.
W = const ).We can conclude that the particle follows a helical trajectory for the integer solutions and a spiral-
helical trajectory for fractional solutions.

As seen infigure 1, for a circularmagnetic field lines associatedwith anO-point null point are obtainedwhen
α= 1, while spiralmagnetic field lines are obtainedwhenα value is in the range of 0< α< 1. Infigure 2, the
effects of amagnetic field line acting as anX-point according to theα value in the fractional derivative.We show
that the behavior around the null point is spiral according to theα value in the fractional derivative, they are
(spiral (As orBs)-point) visualized according to theα value infigure 3. In addition, themagnetic reconnection
around the null points is examinedwith the help of the fractional derivative, and the results were drawn by
comparing the initialmagnetic field line infigure 4. In section 4, the behavior of a charged particle in a parallel
Killingmagnetic field is interpretedwith a fractional derivative. A charged particle follows a right circular-helix
trajectory along a parallelmagnetic field in Euclidean space.Moreover, the axis of this helix is the given parallel
Killing vector field [41, 49]. According to the resultsmadewith fractional derivative, while the value ofα is in the

Figure 6.Charged particle trajectories of themagneticfieldB forα = 0.005,α = 0.3,α = 0.5,α = 0.9 for given initials x(0) = 0.1,
y(0) = 0.1, z(0) = 0.5. In figures, the black one is the integer solution of the equation (30).
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range of 0< α< 1, the particle follows a trajectory in the formof a spiral-helix curve. Again, the axis of this
spiral-helix is parallel to theKilling vector field. The results obtained here are visualized infigure 6. As a result,
we can interpret themotion of a charged particle in amagnetic field of the fractional derivative whenα value is in
the range of 0< α< 1 as follows: If the tangential vector field of the charged particle enters themagnetic field at
right angles, the particle follows a circular trajectory in themagnetic fieldwhenα= 1, while it follows a spiral-
shaped trajectorywhen 0< α< 1. If the tangential vector field of the charged particle enters themagnetic field at
a constant angle (not right angle), whileα= 1, the particle follows a helix-shaped trajectory in themagnetic field,
while at 0< α< 1, it follows a spiral-helix-shaped trajectory.

5. Conclusions

In this paper, the effects of fractional calculus on the behavior ofmagnetic field lines around null points are
investigated. Examined results are visualizedwith the help ofmathematical programs. In practice, the fractional
derivativemethod can be used tomonitor the stages of themagnetic field lines that reach that procedure up until
thefirst derivative is attained.Hence, it is possible to obtain that we are observing the evolution stages of
magnetic field lines as they transition into the first derivative state through the utilization of the fractional
derivative. After that, we examined charged-particlemotions near the null points. So, we investigated the
reconnection resulting from this point around the null point using the fractional analysismethod.We visualized
the examples to see the tendency of the system clearly. For instance, it should be noted that the fractional
derivative helped the curve represented as circular in the first derivative case, changing it from a spiral to a
circular shape.On the other hand, in another case, the orbit, which initially is helical in the first derivative,
becomes helical-spiral until it reaches the first derivative. Given this paper, we believe that surfaces surrounding
these null points can be studied in the future, or that quaternion algebra can be used to investigatemotions.
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