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Abstract- In this paper, we obtained the distribution parameter of a spacelike ruled
surface generated by a spacelike straight line in Frenet trihedron moving along a
spacelike curve. We show that the spacelike ruled surface is developable if and only if the
base curve is a helix (inclined curve). Furthermore, some theorems are given for the
special cases which the line is being tangent, the principal normal and binormal of the
base curve.

1. INTRODUCTION

A surface in the 3-dimensional Minkowski space IR} = (IR’ ,dx* +dy* ~dz*) is

called a spacelike surface if the induced Lorentzian metric on the surface is a positive [1].
A ruled surface is a surface swept out by a straight line X moving along a curve o. The
various positions of the generating line X are called the rulings of the surface. Such a
surface, thus, has a parametrization in ruled form as follows,

o(t, v) = ault) + vX(1).

We call o to be the base curve, and X to be the director curve. If the tangent
plane is constant along a fixed ruling, then the ruled surface is called a developable
surface. The remaining ruled surfaces are called skew surfaces [2]. If there exists a
common perpendicular to two preceding rulings in the skew surface, then the foot of the
common perpendicular on the main ruling is called a central point. The locus of the
central points is called the curve of striction '

The spacelike ruled surface M is given by the parametrization
¢ IxIR -0 IR}
(ta V) —> (P(t, V) = O',(t) + VX(t)

In IR} where o:1——>R? is a differentiable spacelike curve parameterized by its arc-

length in IR? that is, (<a'(t),a'(t)>=1) and X(t) is the director vector of the director
curve su_c_h that X is orthogonal to the tangent vector field T of the base curve
T, X, N} is an orthonormal frame field along « in IR? where N is time like.
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<T,Tr=<X,X>= 1,<§,ﬁ >=~1,
The curve of striction of a skew spacelike surface is given by

<T,D, X>

| 1
<D X,D,X> X(© ()

aft) = at) -

o, is a spacelike curve [2]. Let P, be distribution parameter of spacelike ruled surface,
then '

p . dei(T, X, D, X)
Y <D;X,D;X>

@

where D is Levi-Civita connection on TR},

Theorem 1.1. A spacelike ruled surface is a developable surface if and only if the
distribution parameter of the spacelike ruled surface is zero. :

Proof. D, X eS,{I, XN} then D;X=-aT~cN. Where a=(D,T,X),c=(D,X,N).

Furthermore, if we fix the parameter v, then the curve
¢, Ix{vi—> M
the tangent vector field of which is given by A=(1-av)T-cv N.
The spacelike ruled surface is developable if and ‘only if ¢=0.
det(T,X,D ; X)=<TAX,D,X>=<N, D 7K >=C
thus; P, =0 if and only if ¢=0_

2. THE FRENET VECTORS FOR SPACELIKE CURVES

If the principal vector field N of a spacelike curve o(t) is timelike and the binormal -
vector field B is spacelike, then we have the following Frenet formula along a(t)[4]

Ca'(ty=T
dT
D, T= i k,(t)N
, dN
D/ N= T k,(®)T+k,(H)B 3)
dB
D, B= i k, ()N

If the principal vector field N of a spacelike curve a(t) is spacelike and the binormal
vector field B is timelike, then we have the following Frenet formula along ou(t) [6]
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D,T=kN

D,N=-kT+kB NG
D B=k,N
3. ONE-PARAMETER SPATIAL MOTION IN IR®

Let o: [—— IR} be a spacelike curve and {T,N,B} be Frenet vector. Where T,

N and B are the tangent, principal normal and binormal vectors of the curve,
respectively. T is spacelike and N or B is timelike vectors.

The two coordinate systems | {0;T,N,B} and {0';’61,62,63} are orthogonal

coordinate systems in IR which represent the moving space H and the fixed space H',
respectively. Let us express the displacements (H/H') of H with respect to H' . During

the one parameter spatial motion H/H', each fixed line X of the moving space H,
generates, in generally, a spacelike ruled surface in the fixed space H’.

Let X be a unit spacelike vector and X is fixed

X eSp{T,N,B} and X=xT+x,N+x,B ()
we have

<X X>=+1

We can obtain the distribution parameter of the timelike ruled surface generated

by line X of the moving space H. Let N be a timelike vector. T and B are spacelike.
From {5)

D, X=xT" +x,N' +x,B’ (6)
substituting (3) into (6)

D X=xk,T+({xk, +x;k,)N+x,k,B
From (2) we obtain

- det(T, X, D X)
¥ <DX, DX >

- kox; ~kpx3 +x.k x,
B kix; —(kx, +k,x,)" +kix}
— X,k %, =k, (1 -x7)
" x2(k? +k2) - (x,k, +x%,k,)

x? —x2+x3=+1 (7
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Let B be timelike vector then T and N are spacelike vectors. Substituting (4) into
©
D X=-kx,T+(xk, +x,k,)N+x,k,B

from (2) we obtain

P = %,k x, +k2(-~x§ +x§)
Toxdki -k +(x )k, +x,k,)

xP+x2-x2=+1 )

The ruled surface developable if and only if Py is zero. From (7) (or (8))

k, x%-x?
P =0 ifand only if — =——=>
kZ XlXS

Hence we state the following theorem

Theorem 3.1: During the one-parameter spatial motion H/H' the spacelike ruled
surface in the fixed space H' generated by a fixed line X of the moving space H is
developable if and only if «(t) is a helix such that the harmonic curvature h of the base

curve a(t) satisfies the equality

2 2
k, xj-x;

h=

kT a
4. SPECIAL CASES
4.1 The Case X=T (Spacelike)
In this case, x, =1, x, = x, = 0 thus from (7) (ot (8))
P, =0
We can give follbwing theorem

Theorem 4.1. During the one-parameter spatial motion H/H', the spacelike ruled
surface in the fixed space H’ generated by the tangent line T of the curve a(t) in the

moving space H is developable.
4.2.The Case X=N (Spacelike):
In this case, x, =x, =0 and x, =1

Thus, from (8)
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+k
P, = —n _ : 9

4.3 The Case X=B ( Spacelike)

In this case, x, =x, =0 and x, =1. Thus from (7)

‘ 1
P o=l2 10
® ki k, (10)

. w
k, Py
Hence the following theorem is hold.

Theoerem 4.2. During the one-parameter spatial motion H/H’ the curve of base
al-——E?® is helix (inclined curve) if and only if P, /P, is constant, where Py and Py

are the distribution parameters of the surfaces generated by the principal normal and
binormal.

4.4. The Case, X is in the normal plane.

In this case x, is zero. The timelike surface is developable surface since from (7) (or (8))
ko (x5 +x3)=0 (12)

X = X Ntx3 B and if N is timelike then —x} +x?=+1 if B is timelike then
x; ~x; =+1. Hence, from (12) k, =0. Thus o(t) is a planar curve. Hence the
following theorem is hold.

Theorem 4.3, During the one-parameter spatial motion H/H', the spacelike ruled
surface in the fixed space H' generated by a fixed line X in the normal plane of H is
developable if and only if a(t) is a planar curve in osculating plane.

4.5. The Case, X is in the Osculating plane.

In this case x3 is zero. Thus the spacelike ruled surface is developable since from (7) (or

(®) |
k,x; =0 | (13)

if x, = 0 then X = T. This is the case (4.1). If k; = O then o(t) is a planar curve.
Therefore Theorem 4.3 can be restated.
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4.6. The Case X is in the rectifying plane.
In this case x; is zero. From (7) (or (8)) for distribution parameter we can write that

X

a4

Px = 0 if and only if X3 is zero. Then X = T. This is the case (4.1)

Furthermore, the following theorems can be stated.

Theorem 4.4 During the one-parameter spatial motion H/H' the distribution
parameters the spacelike ruled surfaces in the fixed space H' generated by a fixed line X
in the rectifying plane of H are the same if and only if the base curves are Bertrand
curves.

Proof. If a(s) has a Bertrand curve then
xiki+xsk, = constant

thus from (14) Px is constant. If Px is constant then from (14), xk, +x,k, is constant.
Hence o(s) is Bertrand curve.

4.7. The Case, the curve o.(t) of base the same the curve a(t) of striction.
In this case, from (1), <T,D,X>=0
D X =Fkx,T+(x,k, +..x3k2)N +x,k,B
we have k.x, =0, k, #0 x; ‘is Zero.
Hence the following theorem is hold.

Theorem 4.5, If the curve a(t) of base is the same as the curve (t) of striction, then
the director curves of the spacelike ruled surfaces are in the rectifying plane of &(t).

If a(t)=ce(t) then X(t) is rectifying plane. Thus theorem (4.4) can be repeated for the
striction curve &(t).
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